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The Mathematics of Music 
 

From the rules behind the frequencies of basic notes to patterns and shapes of musical compositions, 

mathematics is at the centre of all aspects of music. This essay gives an overview of the mathematics 

behind music, starting from creating basic sounds, to constructing scales with specified pitches, to 

putting together compositions and the potential for algorithms to create new music. 

 

Producing sounds  

Musical instruments make sound by producing stationary waves. This amplifies many resonant 

frequencies, which are heard when a sound is produced. As a result, instruments produce complex 

waveforms, rather than pure tones. These waveforms can be harmonically analysed using Fourier 

transformation to find their constituent harmonic frequencies, which are characteristic of each 

instrument.  

 

After producing basic pitches, musical harmony is possible. This brings consonance (which pitches 

sound ‘pleasant and agreeable’ 1  together) into consideration. When two notes of different 

frequencies are played simultaneously, one can hear beats - regular oscillations in the amplitude of 

the sound, whose frequency depends on the frequency difference. Helmholtz performed harmonic 

analysis on two changing pitches and the resulting graphs showed clear points of consonance where 

the ratios of the frequencies were simple, such as 1:1, 2:1, 3:1, and 3:2.  

 

Tuning systems 

For musical melodies and harmonies to be written, a scale of notes is required. Many people are 

familiar with a scale of 7 notes, with 12 semitones in an octave, but there are different tuning 

systems within this which have evolved and developed over centuries. The primary three are 

Pythagorean tuning, just intonation, and equal temperament. 

 

As previously mentioned, consonant notes have simple ratios. Many tuning systems are based on 

this principle; the Pythagorean scale is derived entirely from ratios of powers of 2 and 3. Let the 

tonic of the scale have a frequency f, then the tonic an octave above has a frequency 2f. The 3rd 

harmonic, at 3f, gives a perfect twelfth, which becomes a perfect fifth with frequency 3/2 f when 

brought down by an octave. By taking successive fifths in this way and then shifting them to be 

within the right octave by dividing by 2𝑛 as necessary, a 7-note scale is obtained. 

 

 

 
 

 
1 A. Joutsenvirta, ‘Consonance and dissonance’, Music theory [website], 

http://www2.siba.fi/muste1/index.php?id=65&la=en, (accessed 25 February 2020) 

http://www2.siba.fi/muste1/index.php?id=65&la=en
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Table 1 – Relative frequencies for notes in a scale in Pythagorean tuning, with the ratios between each note 
underneath. 
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While this system has been used for millennia, it is not without flaws. No number of fifths can fit 

into a number of octaves, since (
3

2
)

𝑝

= 2𝑞 has no positive integer solutions for p and q. According 

to prime factorisation, the LHS will always have a factor of 3 which cannot be present in the RHS. 

Due to this inconvenience, the approximation of p=12 and q=7 is used, such that 312 ≈ 219. This 

results in the scale with 12 semitones in an octave, and 7 in a fifth; 12 fifths is equal to 7 octaves. 

The error in the approximation, the ratio 312 219⁄  , is known as the Pythagorean comma. 

Additionally, the exponents quickly create complex ratios, especially for thirds and sixths, despite 

the principle being the simple 3:2. Harmonies used before the early Renaissance were limited, but 

soon more complex harmonies were required, which are not particularly consonant in the 

Pythagorean scale.  

 

A partial solution to this is just intonation, which uses an additional factor of 5 to make the ratio for 

thirds and sixths simpler. This makes these specific intervals more harmonically pure, but again 

there are several problems. There are two different sizes of tone - 9/8 and 10/9, resulting in a 

syntonic comma of difference (81/80). This means that each note does not have a fixed pitch, but 

rather a frequency that varies depending on the context or key that the note is played in.  
 

Table 2 – Relative frequencies for notes in a scale in just intonation, with the ratios between each note underneath. 
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In both methods, the size of the set of frequencies for notes increases with the number of 

transpositions until infinity, and this is highly unsatisfying as well as practically inconvenient for 

instrument makers. Marin Mersenne, a 17th-century mathematician, described a 31-note keyboard 

which included 4 keys between F and G in order to account for notes that differ by syntonic commas 

and the gap between two semitones and one tone. 

 

Equal temperament is the currently used system. It takes the condition of the ratio 2:1 for an octave 

and splits the octave with 12 equal ratios of 21 12⁄  , so every semitone is equally spaced. 

Transpositions do not generate new notes and the set of 12 notes is finite. This allows for both 

simplification in instrument construction and much greater freedom in tonality – lots of modern 

music relies on the equal spacing between semitones. However, knowing the reasoning behind all 
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the systems is important, especially when playing unfretted instruments, where the tuning system 

used depends on the context of the notes. For instance, a solo violin uses just intonation for chords, 

Pythagorean tuning for scales, and equal temperament when accompanied. 

 

Implementing tuning to instruments 

The next problem is in positioning frets on instruments such as a guitar, such that the notes sound 

at these equally tempered pitches. A suitable approximation for the irrational factor, which is also 

practical for a luthier to implement without many errors, is needed. Swedish craftsman Daniel 

Stråhle had a solution which satisfies both conditions. His construction is illustrated in Figure 1.  

This approximation was explained by 

musicologist James Murray Barbour in 1957. 

The construction projects a point x along the 

line QR to a point y along the line MR. It can 

be shown that the function has the form 𝑦 =
𝑎𝑥+𝑏

𝑐𝑥+𝑑
 , which is a hyperbolic linear fractional 

transformation. The full derivation can be 

found here 2 ; the important result is that 

Stråhle’s construction corresponds to a 

transformation of 𝑦 = (10𝑥 + 24)/(−7𝑥 +

24). The objective, then, is to find values of 

a, b, c, and d to approximate this function to 

be as close as possible to the exponential curve of 𝑦 = 2𝑥, for 0 ≤ 𝑥 ≤ 1. We can require that the 

graph crosses the points (0,1) , (
1

2
, √2) , (1,2). Thus, three equations are obtained: 

𝑏

𝑑
= 1; 

1

2
𝑎+𝑏

1

2
𝑐+𝑑

= 2
1

2; 
𝑎+𝑏

𝑐+𝑑
= 2 

Only the ratios between the values are required, so we can set 𝑑 =
√2

2
 (changing this by any factor 

would also change a, b, c proportionally, resulting in the same function). Solving the simultaneous 

equations from this results in: 𝑎 =
2−√2

2
, 𝑏 =

√2

2
, 𝑐 =

1−√2

2
 . Best rational approximations of √2 are 

given by the sequence consisting of fractions with the numerators as half of the Pell-Lucas numbers 

and denominators as the Pell numbers - this arises from the continued fraction expansion of √2 . 

An approximation of 17/12 can be chosen to give 
√2

2
=

1

√2
≈

12

17
. Substituting this into our function 

gives 𝑦 = [(1 −
12

17
) 𝑥 +

12

17
] [(

1

2
−

12

17
) 𝑥 +

12

17
]⁄ = (10𝑥 + 24) (−7𝑥 + 24)⁄  . The two 

approximations of fitting the linear fraction to the exponential curve and using 12/17 as 

1 √2⁄  combine to give a practical yet sufficiently accurate solution. 

 

Nowadays, frets are placed by the ‘rule of 18’. For the first fret, a frequency increase of 21 12⁄  , the 

wavelength and length of vibrating string changes by 1 21 12⁄⁄  . This leads to the fraction of the string 

 
2 J.M. Barbour, ‘A Geometrical Approximation to the Roots of Numbers’, The American Mathematical 

Monthly, vol. 64, no. 1, 1957, pp. 1-9 

 

Figure 1 – Stråhle’s construction for determining fret positions. 

(J. Fauvel, R. Flood, and R. Wilson, (eds.), Music and 

Mathematics: From Pythagoras to Fractals, Oxford University 

Press, 2003) 
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which is between the nut and the fret being 1 − 1 21 12⁄⁄ = 0.0561 . This means that the distance 

from the nut to the bridge (known as the scale length) is divided into 1 0.0561 = 17.817 ≈ 18⁄  . 

The factor of 17.817 is a current standard for exact equal temperament, but Stråhle’s geometric 

construction from 280 years ago is impressive in its accuracy, elegance, and simplicity. 

 

Compositional patterns and systems 

The way music is notated in two-dimensional space (with time as the abscissa and pitch as the 

ordinate) allows for a clear comparison between the geometry of shapes and patterns in music. 

Transformations can be applied to musical lines just as they can to shapes or graphs. 

 

One famous example was done by Rachmaninoff on Paganini’s 24th violin caprice to make his 

popular Rhapsody on a Theme of Paganini. The melody is reflected in the abscissa and translated in 

the ordinate direction (a musical inversion), and enlarged in the abscissa to slow down. Similarly, a 

horizontal dilation is a very common method used when ending a movement, where notes s seconds 

apart become r∙s seconds apart, with r being the ratio of the dilation. In general, it is incredibly 

common for a piece of music to repeat melodies in different keys, especially during development 

sections of sonatas and quartets after a modulation. Symmetry in musical scores is also commonly 

employed by composers, such as with contrary motion (horizontal symmetry). 

 

Viewing musical architecture analytically reveals patterns and regularities, which can provide 

coherence to the notes and help music to be understood and interpreted.  

 

Moreover, mathematical formal systems can also be utilised to create compositions. A formal 

system consists of axioms and rules for operating on the axioms to derive statements. In music, this 

can be applied to first species counterpoint, where two simultaneous, independent voices synergise 

and fuse into a ‘meaningful and pleasing whole’3. The first melody line can be considered an axiom; 

rules are then applied to build the second voice, by forming statements. The final melodies are thus 

akin to a derivation of a theorem. 

 

The fundamental rules, based on intervals and motions, were set out by Johann Fux in the 18th 

century, but much more modern composers have similar systems too. Schoenberg, a 20th century 

composer, pioneered the twelve-tone technique. This uses a tone row (an ordered non-repetitive 

set of 12 pitches) as an axiom, with rules governing transformations of this ‘prime’; it can be 

transposed (vertically translated), inverted (horizontally reflected), or retrograded (vertically 

reflected) to give statements, which the composer can put together with freedom in rhythms, 

dynamics, and form. 

 

It is significant to note that whilst they are easy for anyone to apply and make music with, these 

rules alone are not enough to create popular, long-lasting, and emotional music. That requires 

creative and imaginative understanding and usage of the system. In a similar way, deriving new 

 
3 Open Music Theory, Twelve-Tone Theory – Basics, [online textbook], 

http://openmusictheory.com/twelveToneBasics.html (accessed 2 March 2020) 

http://openmusictheory.com/twelveToneBasics.html
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theorems from formal mathematical systems is a relatively trivial matter, but creating theorems and 

proofs with significance is complex. Thus the dependency between the logic of mathematics and 

the creativity of music is bi-directional, and the two are more interlinked than one might assume; 

music has strong foundations in mathematics which cannot be ignored, but good mathematics also 

requires the creativity and artistry found in music. 

 

AI compositions 

Having established that creativity as well as patterns and concrete rules are required for composing 

good music, one might question how proficiently algorithms or artificial intelligence may be able to 

create music. This has been attempted many times with various algorithms and machine learning 

techniques. 

 

The first species counterpoint described above has been implemented into a variable 

neighbourhood search algorithm4, generating up to five contrapuntal lines. The rules are hard-

coded into the algorithm, which uses them to objectively quantify the quality of a musical piece. The 

algorithm then optimises its composition by selecting notes in order to maximise this measured 

quality. Some of the generated music violates almost none of the guidelines, showing that 

computers are more than capable of following the rules of music to produce ‘pleasant’ sounds. 

However, there is still a gap between this and composing with an overarching emotional theme - 

the music has ‘a sense of meandering,’ since no learnable rules govern the direction of the music. 

 

Conclusion 

Both mathematical rules and artistic creativities are essential ingredients of music. Mathematics is 

required for not only the construction of instruments and to understand sounds and consonance, 

but also for providing the underlying foundation and the vital backbone to musical notes, rhythms, 

and architecture. Yet, as evidenced when the human element is reduced and algorithms compose, 

human emotion and imagination are just as vital to create meaningful, unique, and beautiful music 

which is, and will remain, popular and beloved for centuries.  

  

 
4 D. Herremans and K. Sörensen, ‘Composing first species counterpoint with a variable neighbourhood 

search algorithm’, Journal of Mathematics and the Arts, vol. 6, no. 4, 2012, pp. 169-189 
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