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Parabolae are very common shapes in maths. I remember first learning them as a function;

a graph which can be written as y = ax
2

+ bx + c. Parabolae come in many different forms,

there are flat ones and pointy ones and all of them were the bane of my existence in year

7. However all the bois are all mathematically similar. That is to say, they may look

different, but they are fundamentally the same. When I first heard this I couldn’t believe

my four eyes! This feels like a very important thing to know, yet I never learnt it in school.

So, how about we walk through it all? From the basics of similar shapes to transforming

parabolas to the proof itself.

Similarity in geometry (a phrase that will always be fun to say (for me at least)) means

that two shapes are, for lack of a better term, similar. Two shapes are similar if, through

only rotation, translation, and even scaling in all directions, you can lay one of these

shapes onto the other perfectly. Removing the jargon, all that means is you can make the

shapes identical by taking one of them and spinning it around, moving it, or changing its

size.

I can say with certainty that all circles are similar.

For example, we can take the circle on the right,

multiply its radius by 7/5, and it’ll be exactly the

same as the one on the left. The only important

quality of a circle in this case is the radius. We can

see that the scale factor between any two circles is

just the ratio of their radii. In general, the scale

factor between any similar shapes is labelled k. In

this case, k = 7/5.

Not all shapes are similar, like rectangles. We can use k to prove this. For a shape to be

similar,  k must be the same for all sides of a shape. This allows us to prove similarity by

finding a single value for k. The maths is quite simple, however it is vital to proving all

parabolas are similar.

To demonstrate this, let’s use rectangles A, B, and C respectively (shown above).

Rectangles A and C are similar. We can show this by using simultaneous equations.

Assuming the shape is scaled by the same factor evenly, if we multiply the sides of

rectangle A by this scale factor k, they should equal the lengths of the sides of rectangle B



2k = 4

3k = 6

Therefore k = 2

Therefore A and C must be similar. However A and B are not similar.

2k = 3

3k = 5

There is no single value of k in this scenario, therefore they are not similar.

Before we reach the wonderful curves of parabolas there is one more idea I feel needs

clarification. This means we will take a quick diversion into the categorisation of numbers.

Throughout this whole piece I’ve just been using numbers, specifically real numbers. Real

numbers are all the numbers you encounter in day to day life. A real number is any

number that can represent a distance along a line. That is to say, it’s a point on the

number line. This means the set of real numbers includes all integers and rational

numbers. An integer meaning a whole number, and a rational number meaning a number

which is equal to one integer divided by another.

They do not include imaginary or complex numbers. Imaginary numbers are written as ai,

where i = . Complex numbers have a real part and an imaginary part. These numbers− 1
are less well known because they are, to be completely honest, difficult and we’re not

using them this thing needs to be somewhat understandable for people who aren’t

absolute nerds like myself.

I only mention these weird numbers because to form a general proof I need to use general

equations. This means I need to use variables. For the sake of you, the reader, and what’s

left of my own sanity, I’m limiting what values these can be. All variables mentioned are

real numbers.

Finally, we can start focusing on parabolae. For this proof to work, I have to demonstrate

something else about parabolas first. I mentioned earlier one of the ways to express a

parabola as a graph, y = ax
2

+ bx + c. This can also be represented as  y = (x - a)
2

+ b. I

learned this format as “completing the square” (CTS for short). We can show this by

multiplying the double brackets, to y =  x
2

- 2ax + (a
2

+ b). But why is this detail so

important?

By the power of desmos
TM

, I can show you what I mean. If we use CTS, by changing a and b

we simply translate the graph. Translation is fine when finding similar shapes. Remember

cts can be written as y =  x
2

- 2ax + (a
2

+ b). This means we can ignore most of those

terms! To prove all parabolas are similar we only need to consider 2 graphs, y = ax
2

and y

= bx
2
.



So let’s consider, We have two

graphs. Two very different looking

graphs. Well, no matter, the maths

will prevail. To prove these are

similar we can prove that for any

point on the blue line, we can

multiply the x and y values of that

point by some value and reach a point

on the orange line.

Firstly, we should establish what

these lines actually are.

Remembering that the bx + c bit of

the equation is irrelevant for this

proof, we just need the gradients of these lines.

Blue line: y = ax
2

Orange line: y = bx
2

Let’s use a general point from the blue line, point C. This point has coordinates (x1, y1).

We can scale these onto some other point, let’s call it point D, with coordinates (x2, y2).

Since we’ve just invented this point, let’s say that by definition this point is a scaled

version of the first point. This can be expressed using two equations.

x2 = kx1

y2 = ky1

Now we just need to prove that point D is on the second line. How about we rearrange

these equations? That should help.

x1 = x2 / k

y1 = y2 / k

Well that ‘helped’. Now we can substitute these back into the equation for the blue line.

Since point C is on that line, then y1 = ax1

2
. Substituting these new equations in and

simplifying we can get…

y2 / k = a(x2 / k)
2

Since the only operations here are multiplication and division, we can move the 1 / k
2

term like this…

y2 / k = (a / k
2
) x2

2



This is already starting to look familiar. Let’s multiply both sides by k next

y2= (a / k ) x2

2

We’ve shown that we can scale our original blue parabola to give us another parabola.

Now we just need to show we can scale it to the orange parabola specifically. We can do

this by comparing the equations of the lines.

y2= (a / k ) x2

2

y2= bx2

2

It seems like these lines are almost the same. The only difference is their gradients. But

they don’t have to be different! Keep in mind that a and b are just a pair of different real

numbers, and k also just some real number. So what if k = a / b? Well in that case these

lines are exactly the same!

y2= (a / (a/b) ) x2

2

y2= (a * (b/a) ) x2

2

y2= bx2

2

Well, that’s it. We can scale a parabola with any gradient to a parabola with any other

gradient. All parabolas are similar. The whole proof boils down to the fact that we can

multiply a real number by another real number and the answer will be a real number. If I

were more pretentious, I’d say there’s some deeper point about how there are some

problems in maths that seem painfully obvious once you know the solution, and that you

shouldn’t call a problem trivial because you found it trivial. And we shouldn’t mock

someone for finding an “easy” problem difficult.

It is pretty easy though....


