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1 Induction on N
The first thing that comes to mind when proving any family of statement involving the Natural numbers N
is to use the principle of induction:

Theorem 1 (Induction on N )
Let S be such that

� 1 ∈ S (S contains the number 1)

� n ∈ S =⇒ n+ 1 ∈ S (The successor of any element of S is in S)

Then N is contained in S.

This principle is best viewed in terms of dominos: Associate the natural numbers with a set of dominos:
The first domino should represent the statement in the case n = 1, the second with n = 2 and so on.
If we know that

� The first domino is knocked down (i.e. The statement with n = 1 is true)

� Any domino being knocked down causes the next domino in the chain to be knocked down (i.e. As-
suming that the statement is true for n = k can be used to deduce that it is true for n = k + 1)

Then, by what we could call the ”domino effect”, all the dominos will be knocked down (i.e. our statement
is true for all natural numbers) n)

This principle of induction is the ”go to” if you’re trying to prove something like:

Theorem 2

n∑
r=1

r =
1

2
n(n+ 1)

But its powers are limited in some sorts: You can’t prove statements about infinite things!
The classic example is with series: In the sum

∞∑
n=1

1

n!
= e− 1

Each individual 1
n! is rational, truncating the series to a finite number of terms gives a rational answer, but

the infinite summation converges to e− 1, an irrational number.

It gets even worse when we start to talk about intervals of real numbers: Any interval of real numbers
(Take [0, 1] for example) is not only infinite, but uncountable! No matter how hard you try, there is no way
to number the elements of this interval 1, 2,...

At the moment the crossover between the real numbers and induction may seem non-existent. However,
I’d like to convince you otherwise!
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2 ”Induction” on R
I’ll be assuming some basic knowledge on Real Analysis here: Most importantly, the Least Upper Bound
property.

Whenever we’re talking about a set S of real numbers, if the set isn’t empty, and its elements are all
less than a real number (For example, the elements of the open interval (0, 1) are all less than 1), we have a
special tool in terms of the Supremum of a set, which, by definition, is its least upper bound.

There are a few things to mention about the supremum of our set S, which we’ll denote supS:

� For any element in S, supS is larger than or equal to that element

� Given any other upper bound for S, supS is less than or equal to it

� We can get as close as we like to supS i.e. For any ε > 0, we can find s ∈ S with

supS − ε < s ≤ supS

Imagine, in some sense, that we had a statement about the real numbers in a given interval, and to each real
number, we associated with it a domino.
We might ask that if we have a subset of real numbers for which the statement is true (i.e. Some knocked
over dominos), must the domino related to the supremum of this set be knocked over?
This is not immediately obvious, as not all sets contain their supremum (For example (0, 1) doesn’t contain 1).

If this were true, we might concieve of a way to keep on ”knocking down” dominos related to greater
and greater real numbers, until we knocked down every real number in our interval.

This ”Real induction” might seem ridiculous, but in fact, it works:

Theorem 3 (”Induction” on R)
Given a closed interval [a, b], let S be a subset of that interval such that:

� a ∈ S

� If x ∈ S with x < b, then ∃y > x Such that y ∈ S

� If, for given x, ∀ε > 0 ∃y ∈ S with y ∈ (x− ε, x], Then x ∈ S

Then b ∈ S.

Proof. Our set S contains a, so it non-empty, and since it is contained in [a, b], it is bounded above.
So supS exists: We’ll denote it by α.
By a property of Supremums, we can find a y ∈ S that is as ”close as we like” to α i.e. ε away from α
But this is the first half of the third statement, so we can deduce that α ∈ S.

Now, suppose by way of contradiction that α < b. But then, by the second property, there exists β ∈ S, with
α < β, which means that α can’t be the sup, as it isn’t an upper bound, which is a contradiction

Therefore, α = b as S is contained in [a, b]. As α ∈ S, that means that b ∈ S.

You might be looking at this proof and thinking ”Where is the induction?” Well these three properties
combine very nicely to give us an ”interval form” for induction.

Theorem 4 (Induction on Intervals)
Given a closed interval [a, b], let S be a subset of that interval such that:

� a ∈ S

� If the interval [a, x] is contained in S for some x < b, then ∃y > x such that the interval [a, y] is
contained in S too.
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� If [a, x) is contained in S, then so is [a, x]

Then S = [a, b].

This is more like it! If we go back to the domino analogy, this says that if:

� We knock down the first domino

� If we can knock down all dominos less than or equal to a given number, we can continue to knock down
all of the dominos in a small range beyond that number

� If we can knock down all dominos less than a given number, then the domino corresponding to that
number falls

Then all the dominos in our interval fall over: Essentially, we can ”push all the way” from left to right

Just like induction on the natural numbers, this method of proof goes by the way our set is constructed:
The natural numbers are constructed by successors, and the real numbers are constructed by ”Filling in” the
gaps in the rationals by least upper bounds.

I’d like to finish off by presenting a nice application of this theorem to covering intervals:

Given a set of real numbers S, a set of open intervals (Intervals that don’t contain their boundary), de-
noted I, are said to be a ”cover” of S if the union of all of these intervals contains the set S in its entirity.

There covers might be finite, countably infinite or uncountable: For example, given the interval (0, 1), the
collections:

� (0, 2)

� {( 1
n , 1) : n ∈ N}

� {(x− 1, x+ 1) : x ∈ (0, 1)

All cover (0, 1).

Theorem 5 (Heine-Borel Theorem)
Any cover of the closed, bounded interval [a, b] contains a finite subcover (Subset of the collection which still
covers the set

So what this is saying is that if we have a collection of open intervals which cover our set, we can ”sweep
away” any ”unnecessary” intervals, and be left with a finite cover.

Proof. Say we have a cover I of the interval [a, b].
Let S be the subset of [a, b] which can be covered by a finite subset of I.

As a is in the union of I, it must be in at least one of the sets, let J contain a single open interval that
contains a.
As J is finite, a must be in S (Condition 1).

Now suppose we have added to J such that the interval [a, x] is finitely covered by intervals in J (i.e.
[a, x] is contained in S).
Consider the open interval containing x: Since that interval is open, we can always find a point in that open
interval between x and the boundary.
Therefore, there is a y in this open interval containing x with y > x .

We note that [x, y] must be contained in this open interval, and hence, the cover J also must cover [a, y].
Thus, [a, y] is contained in S for some y > x, as it is covered by the same subcover J (Condition 2).
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Finally, suppose that [a, x) is contained in S i.e. covered by J , a finite subcover of I.
Return to out cover I: As x is contained in the union of I, there is some open interval containing x.
We simply add this open interval to our cover J to make [a, x] be covered by J .
J remains finite, and it is still a subcover as the interval containing x was in I.
Thus [a, x] is contained in S. (Condition 3)

Therefore, by the ”principle of real induction”, S = [a, b], and hence [a, b] has a finite subcover.

How neat! We started with a single open interval covering the endpoint, covered everything we could in this
open interval, and added another interval to the cover to ”jump over the boundary” and make more progress!
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