
CHAOS THEORY : EXPLORING UNPREDICTABILITY

Abstract

Achieving ultimate predictability* has been one of the main goals of physicists and
mathematicians since Newtonian times. Chaos theory aims to prove the statement, “Ultimate
predictability of the future is impossible to achieve”. Studying complex systems such as the
weather and population growth of a species has shown that long-term predictions of evolving
systems are inaccurate. This is because of the system’s sensitivity to initial conditions. Small
changes to the initial conditions which are assumed to be insignificant could cause chaotic
and unpredictable behaviour. This chaotic behaviour is also seen in simple systems such as a
dripping faucet. This helped understand that simple systems are capable of behaving like
complex systems. This suggests long-term predictions of any changing system with time
results in chaos. These chaotic systems appear to behave randomly, in fact, they are not
random but have order amidst the chaos but remain unpredictable. The study of chaos has
been helpful in cryptography and the understanding of the human heart and brain.

*Predictability in mathematics is using logic, rigorous mathematics and historical data to
make predictions about the future.

Understanding Chaos

The word “Chaos” means unpredictable, violent behaviours in a system. These are
turbulence within a system. These chaotic behaviours are not random, as they have some
hidden patterns in them. Chaos Theory is the study of the “nonlinear dynamical systems” that
behave chaotically. “Nonlinear” functions are those that do not have a linear relationship like
a straight line. These include polynomials with a degree above 1, reciprocal functions, inverse
functions, trigonometric functions and many others. “Dynamical systems” are those systems
whose state evolves with time- examples include moving pendulums, weather, and others.

Nonlinearity is an important feature that results in chaos. Nonlinear equations are not
easy to solve, in some cases, they are impossible to solve. Common methods used to solve
these equations are to reduce them to a linear form or to use calculus ( integral and
differential calculus).

Newtonian mechanics or classical mechanics try to reduce any complicated nonlinear
equation to its approximate linear form in an attempt to reach a sensible solution. This is done
with the assumption that small changes in the initial conditions result in small changes in the
final solution. However, Chaos Theory shows that every dynamical system is sensitive to
initial conditions. This implies even small changes to the initial conditions can cause a
particular system to behave in a completely different unpredictable way.

In short chaos theory has changed our understanding of nonlinear dynamical systems.



The Start of chaos

Chaos was first defined by Poincaré, a French mathematician when he was studying
the “Three-body problem”. The problem was to predict the relative positions of a planet
revolving around two suns at any point in time using Newton’s laws of motion and gravity.
But, it soon became clear that it was impossible to do so because what results is chaos (Figure
1). Poincaré was the first to define that these dynamical systems are “sensitive to initial
conditions”.

The butterfly effect

Chaos theory grew in popularity from its accidental rediscovery by Edward Lorenz.
Lorenz was a meteorologist and a mathematician at MIT. He used a weather simulator to
predict the weather. The machine, Royal McBee,was given a set of differential equations and
its initial conditions as input to make predictions about the weather. On one particular day,
Lorenz wanted to check his predictions, so he ran the same set of equations again. This time,
however, the initial conditions were given to 3 decimal places instead of 6 which was used
originally with the same set of differential equations. When he looked at the final output
produced by the second version of the same set of equations, he noticed something strange.
The initial parts were identical to one another but the latter parts had no resemblance. The
same set of equations with 1/10,000 of the decimal place being different produced a different
outcome (Figure 2).
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This shows how systems are “sensitive to initial conditions”. Small changes to the
initial conditions produce an unpredictable result.

To study this behaviour, Lorenz simplified his set of equations into 3 differential
equations and plotted these values onto a 3-dimensional plane. Each variable in these sets of
differential equations representing an axis (Figure 3). This resulted in a pattern that never
repeats itself nor intersects with itself at any two points. This makes it impossible to predict
its position at any point in time in the future. However, there is an order in this pattern. It has
a finite area in which it contains itself. The point which forces the curve to stay in the finite
area is called a strange attractor. This idea of a strange attractor is abstract. A strange attractor
also adds order in a chaotic system.

This particular strange attractor produced by studying weather is called "Lorenz’s
attractor".

The butterfly effect is an analogy used to explain this sensitivity to initial conditions.
The metaphor states: “Does the flap of a butterfly’s wings in Brazil set off a tornado in
Texas?”.This helps us understand how changes that seem insignificant have greater effects.
This also reflects the shape of the graph itself.
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Understanding Populations

Studying populations revealed some interesting facts about chaos. A simple iterative
formula can be used to model populations. The equation “ Xnext = rX ( 1 - X )” where “Xnext”
is the population of next year, “r” is the growth rate, “X” is the population of the current year
and “(1 - X)” is the limiting factor of the population that prevents the populations to grow to
infinity. The population does not blow up to infinity because if “X” increases “(1 - X)”
decreases, hence preventing the infinite increase of the population. These types of iterative
formulas are also called logistic difference equations.

To study the growth of these populations, different “r” values for some initial
populations were tested. They were plotted on a graph( Figure 4). We notice for r values less
than 1 the population gets to 0. This implies that there is no growth of the population and the
population eventually dies out. For r values between 1 and 3,  the population is fixed each
year. The population stabilises to its attractor. For r values of 3, 3.45, 3.54, 3.564, 3.569
(approximately) the population undergoes period-doubling, meaning it divides into 2 further
branches. The population between these values repeat periodically between the values in
these branches. For example, for the first period-doubling, the population repeats itself every
2 years, for the second-period doubling it does so every 4 years and so on. These particular
populations are the two-point attractors. These period doublings are called bifurcations.
Graphs with bifurcations are called bifurcation diagrams. For r values greater than 3.57 the
population behaves chaotically.

However, there are few other fascinating features in these bifurcation diagrams. There
is some order amidst the chaos. When we look closely at the chaotic region of the bifurcation
diagram ( Figure 6 ), the white section at the r-value of 3.83 the population repeats every 3
years.It  is said to have a 3 point attractor. This type of order in chaos is not only seen in
multiples of 3 but also other odd multiples like 5 or 7 (Figure 5). The lines in figure 5
represent the order in chaos for such odd multiples. This suggests that small changes in “r”
can cause the system to behave orderly or chaotic. This reinforces that dynamical systems are
“sensitive to its initial conditions”.
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Bifurcation diagrams

There are many interesting details to spot in the bifurcation diagram.
Firstly, the ratio between successive bifurcations is constant (Figure 7). This constant

is called the Feigenbaum constant which is “4.669…”. This is applicable to all equations that
result in bifurcations. This helps us predict when these bifurcations could occur.

Secondly, the bifurcation diagram is related to fractals. Fractals are self-repeating
patterns that occur again and again within themselves. Self-similarity is an important property
of fractals. Another property is that they have an infinite perimeter but are bound in a finite
area.They are produced by recursive formulas and have a fractal dimension. Dimension is the
number of coordinates required to represent a fixed point. For example (x,y) is two
dimensional, (x,y,z) is three dimensional and so on. Fractals have fractional dimensions like
2.7, 3.6, 0.5 etc. A famous example of a fractal is the Mandelbrot Set ( Figure 8 ). This fractal
is formed by the recursive formula“ Zn+1 = Zn

2 + C” where “Zn+1” is the next number in the
recursion, “Zn” is the current number and “C” is the initial number. For an initial number if
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the iterations of this function blow up to infinity it is not a part of the Mandelbrot set but if it
converges to a finite number it is a part of this set.

Example of a C that blows up to infinity
C = 1

12 + 1 = 2
22 + 1 = 5
52 + 1 = 26

And so on it is, therefore, clear that 1 to blow up to infinity

Example of C that converges to a finite answer
C = -1

(-1)2 + 1 = 0
02 + (-1) = -1
(-1)2 + 1 = 0
02 + (-1) = -1

And so on, this shows how this is bounded so -1 is a part of the Mandelbrot set.

The bifurcation diagram is a part of the Mandelbrot set when viewed from the side
(Figure 9).
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Other Chaotic systems

Dripping faucet
A dripping faucet is a dynamical system as it is continuously changing

with time. This is also a nonlinear system. So, these properties allow the dripping
faucet to behave chaotically. A faucet is believed to be a very simple system, but
under some conditions, a faucet behaves chaotically. At different pressures of flow in
a dripping faucet, the drops of water that fall which seem to be random have a hidden
structure in them. These falling water droplets have a strange attractor. This strange
attractor is called the Rössler attractor (figure 10).
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Applications
Astronomy

Chaos theory has helped us understand the presence of a red spot on the
surface of Jupiter. The red spot on Jupiter has been a fascination for astrophysicists. It
was unclear why there was a red spot on the surface. There have been many theories
explaining it. For example, “The lava flow theory”, this theory states that there might
be molten lava flowing out of the volcano which resulted in a thin red crust on the
surface. Spacecraft pictures from 1978 reveal that there was a hurricane-like system
on the surface of Jupiter. Hurricanes rotate in a cyclonic direction. The rotations are
anti-clockwise above the equator and clockwise below the equator. The red spots
rotations are anticyclonic.In addition to that hurricanes die out in a few days but the
red spot is permanent on Jupiter. Astrophysicists were trying to explain this
hurricane-like behaviour was. Chaos theory helps us understand this behaviour. Blue,
red and yellow patterns of rotating vortices create an oval pattern on the surface
(Figure 11). These vortices behave chaotically. These chaotic motions create the red
spot. The spot is a self-organising system on the surface. So, The red spot is a result of
a chaotic system.
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Medicine

The human heart beats periodically to pump blood around the body. Heart
fibrillation is a condition that causes the heartbeat to be rapid, uncontrolled and
uncoordinated. This makes the successive heartbeats difficult to analyse and predict.
The heart undergoes period doublings as it reaches the state of chaos (fibrillations).
When the heart behaves chaotically it has a pattern like the Rössler attractor (figure
12). Chaos theory has helped doctors to monitor the patient's heart and detect the time
in which the heart transitions to the state of chaos. This helps the doctors to prescribe
antiarrhythmic drugs or use a defibrillator to prevent these fibrillations. Also, chaos
theory has helped better the design of the defibrillator, which is used to stabilise these
fibrillations.
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