
Stirling’s Formula, Factorials and Approximations 
by LAI Yuk-Fai, Radley College, March 2021 

“A formula like this gives us some idea of the astonishing transformation of 
mathematics that took place in seventeenth and eighteenth centuries”  Keith Ball 

 

People talk about fascinating findings on π and the Euler’s number.  
Have you ever noticed any theorems and findings that link these  
two numbers together?  When calculating volumes, shapes, angles 
or exponentials, does any formula involve these two appealing 
constants together? Not a lot.  People talk about the Euler’s 
equation.  But other than that, the Stirling’s formula, which uses 
both e and π to derive an approximation of the fascinating factorial, is one such example. 

Historically, the factorial is a concept embedded in 
mathematician’s mind and they express it in long 
form as, for example, 100x99x98x…x3x2x1, until 
Christian Kramp introduced the use of ! in 1808.  
Because factorial values grow so large, for 
example 70! is greater than 10100, (the table on the 
left shows exactly how big it is) convenient 
methods for approximating large factorials would 

be extremely useful.  Stirling’s Formula provides an accurate estimate of n factorial with a 
beautiful equation. Without computers and calculators in the past, formulas were derived 
handwritten with creativity. The invention of this formula gave rise to approximation for 
probabilities in large context, making factorials more popular than ever. Stirling’s formula is 
certainly a fascinating and impressive finding at the time. 

In the beginning of 1711, Stirling was admitted by Oxford University. During his study, he 
published a supplement to Sir Isaac Newton’s enumeration of 72 forms of the cubic curve 
(y = ax3 + bx2 + cx + d)  for which he started to gain reputation and was then admitted to 
the Royal Society of London.  

Stirling’s formula was first formally presented in 1730 in the Scottish Mathematician’s most 
significant work, Methodus Differentialis sive Tractatus de Summatione et Interpolatione Serierum 
Infinitarum . 

The formula for factorial was first discovered by Abraham de Moivre in 
the form of:  

n! ≈ (constant) x nn+1/2 x e-n   

Stirling then further identified the constant to be precisely (2π)1/2, 
which completed the formula and people started using it a lot. It was 
amazing that Stirling managed to derive this equation.  In this essay, I 
am going to go through the steps of deriving this significant formula 
with two methods.   

Stirling’s Formula 



The first method employs the more advanced approach based on modern knowledge and 
methods to derive the Stirling’s formula. The second method is the derivation of the 
approximation of an earlier and simpler form of the Stirling’s formula. 

The first method I am going to show you involves the use of gamma function and the 
Laplace method which is closely related to Stirling’s formula. Gamma function is an 
extension for factorial expansion for complex numbers, with the formula being:

 

To prove that this function can model all factorials, we need to take into account that        
(x+1)! = x!(x+1), so Γ(z+1) should equal to z x Γ (z).  

When integrating the gamma function with respect to x, substituting z equals z+1 into the 
equation eventually gives us 0+z by integration by parts1, which equals to        
zΓ (z). This is one of the most common proofs that the gamma equation does work for 
positive integers of z in factorials.  

So firstly, by using gamma function n!= ∫ (𝑥 ) 𝑒( ) 𝑑𝑥 , rewriting2 it gives 

∫ 𝑒^(𝑛𝑙𝑛𝑥 − 𝑥)𝑑𝑥  

And by substituting x=ny, the equation becomes eln(n)n∫ 𝑒^(𝑛(𝑙𝑛𝑦 − 𝑦)) 

By applying Laplace method, ,  the equation becomes: 

n!=(2π)1/2e-nnn+1/2 

which gives us the Stirling’s Formula. I feel enthralled by gorgeously deriving 
the formula using the gamma function discovered by the great mathematician 
who also discovered the number e, Euler. The Laplace method was founded 
later in the 1800s which is much later than the discovery of the gamma 
function or the Stirling’s formula. 

Now that we have derived the Stirling’s formula, this is not the end of the 
story. 

Before looking into a simpler way of deriving the Stirling’s formula, let’s take note of 
another formula in Stirling’s Approximation. For large values of n, the expression results in 
an  even simpler-looking approximation, with formula: 

ln(n!)≈ nln(n)-n 

Let’s dig deeper into how this equation came about. Initially, I took natural log on both sides 
of the Stirling’s formula.  

 

 
1 Γ(𝑧 + 1) = ∫ (𝑥 )(𝑒 ) 𝑑𝑥= [-xze-x]0

∞+ ∫ 𝑧(𝑥 )(𝑒 )=0 + 𝑧 ∫ (𝑥 )(𝑒 )= z∫ (𝑥 )(𝑒 ) 
2 xne-x= eln((x^n)e^(-x))= enlnx-x 
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By logging both sides, we get below: 

n! = (2π)1/2e-nnn+1/2 

ln(n!) = ln((2π)1/2e-nnn+1/2) 

By using the log theorems: 

ln(n!) = ln(2π)1/2+lne-n+ln(nn+1/2) 

The power rule of log comes into use: 

ln(n!) = 1/2ln(2π)-nln(e)+nln(n)+1/2ln(n) 

Rearranging gives us: 

ln(n!)= nln(n)-n+ln(2πn)/2 

So why in the past, did mathematicians use the formula ln(n!)≈ nln(n)-n to approximate 
a large number factorial? Why did the term 1/2ln(2πn) disappear?  Interestingly, the 
approximation works without this term.  As n gets larger, the term ln(2πn)/2 will be very 
small relative to the terms nln(n) and n. For example, when we substitue n=1000, 
1/2ln(2πn)= 4.37 and nln(n) will be 6907 which is much bigger. However, for small values of 
n, when n=2, the approximation, ln(n!)≈ nln(n)-n will be incorrect, it will give us a negative 
decimal of -0.613 with n larger than nln(n), therefore small integers of n are not justified by 
this equation. 

Historically, Abraham de Moivre discovered the equation ln(n!)≈ nln(n)-n for 
approximation of large integers of n. Stirling refined the equation’s accuracy 
for smaller integers of n so the modified formula is named after Stirling’s. 

After several attempts, I found a way to prove ln(n!)≈ nln(n)-n from sratch.  

Initially, I took ln(n!) and expressed it as ln(n)+ln(n-1)+ln(n-2)…till ln(1) by 
properties of ln. This means that I can approximate it as the summation of all 
the logs from n to 1, which gives us an integral: 

ln(n!) ≈ ∫ 𝑙𝑛𝑥 𝑑𝑥  

As we know how to integrate ln(x) by integration by parts, taking u=lnx and v’=1, we obtain 
the formula: 

∫ 𝑙𝑛𝑥 ≈ xln(x) - ∫ 1𝑑𝑥 ≈ xln(x)-x+c 

When substituting back the limits n and 1, 

∫ 𝑙𝑛𝑥 𝑑𝑥 ≈ nln(n)-n+(1+constant) 

The first part of the discovery is easily obtained, grouping 1+constant gives us nln(n)-n+c 
where the constant can by found by using the first approach (using gamma function and 
laplace method) in this essay.  
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The discovery of the Stirling’s formula enables us to solve large factorials swiftly. This 
formula is widely used nowadays in both mathametical calculators and computers in order 
to generate the results much more conveniently and accurately.  
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