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“Space: the final frontier” . . . so go the opening lines of the title sequence of Star
Trek, a phrase now famous in pop culture. For mathematicians, however, the final
frontier takes on another form: a form so vast, so perfectly divine, that it encom-
passes everything else—it is the infinite.

For millennia humans have been obsessed with infinity. In our finite world, where
everything that is born eventually dies, when everything that is created is eventually
destroyed, when the sun and the earth and the whole universe have an expiry date—
how can infinity exist? How can things have no end? And if some objects have no
end, what are they?

Most individuals’ first interaction with infinity comes as children, when—as chil-
dren are wont to do—they attempt to name successively larger numbers. The grad-
ual realization that there is no largest number is often shocking, or even upsetting
for some. It certainly was for me. The prospect of there being infinite numbers
disturbed me on some level, even though I instinctively knew it to be true. It rep-
resented something that would forever stay unknowable; thus my eternal thirst for
knowledge would never be quenched.

Nowadays I know the reality is much different. Instead of shying away from in-
finity, I (and many mathematicians before me, both amateur and professional) play
around with it, not the least impressed by its puny size. For it is puny: indeed, this
infinity of natural numbers which had unsettled me many years earlier is nothing
more than the smallest infinity, which we call ℵ0 (read: aleph-null, or aleph-zero).
You read that right: there are other infinities, far larger than ℵ0—infinitely larger,
in fact.

“Some infinities are larger than others? How is that possible?” I hear you asking.
After a few moments of reflection, some of you might say: “Oh, of course: there are
infinite natural numbers, and half of them are even, so the infinity of natural numbers
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is twice as large as the infinity of even numbers!” Not so fast. The surprising truth
is that there are as many even natural numbers as natural numbers. And the proof
is so simple that anyone can understand it. It doesn’t even require any complicated
calculations or definitions.

The idea behind it is basic. Consider a bag with three oranges and another bag
with three apples. How can one tell that there are as many oranges as apples? It’s
easy: for every orange, there is a matching apple (and vice versa). This process
is called one-to-one correspondence, and it’s so instinctive that humans don’t even
notice when they do it. We can do the same thing for infinite sets, which leads us to
our proof. Let us first list the natural numbers and the even numbers:

0 1 2 3 4 5 6 · · ·
0 2 4 6 · · ·

By sliding each even number on the bottom row to the left, one-to-one correspon-
dence is achieved:

0 1 2 3 4 5 6 · · ·
0 2 4 6 8 10 12 · · ·

That’s it. That’s the whole proof. QED1! Just looking at the numbers above
makes it perfectly clear that we can continue this one-to-one matching forever. For
every natural number, there is a corresponding even number. Therefore the set of
all natural numbers and the set of all even natural numbers have the same size: the
aforementioned ℵ0. Formally, what we did is find a bijection (a special type of func-
tion) between both sets; however, this is just a detail: you don’t need to understand
what a bijection is to understand the proof or why it works.

By now, the astute among you might be wondering if there are other infinite sets
that have the same size: what about integers? Do they have the same size as natural
numbers? Spoiler alert: they do, and I invite you to find a proof yourself by listing
them out in a very similar way to how we did.

I’ll end this by proving something even more surprising: there are as many frac-
tions (rational numbers) as natural numbers. At first thought, this statement is so
counter-intuitive that to the mathematically-inexperienced layperson, it must seem
false. Surely there’s a mistake? I mean, there is an infinite number of rational
numbers between any two natural numbers! You’re telling me they’re the same size?

1Fancy mathematician talk for ”our work here is done”.
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Yes, I am. Not only that, but just like for even numbers, the proof is quite elementary.

I can feel the gears in your brain whirring as they try to figure out how to prove
it: is it also by listing them? Where do we even start? What fraction comes right
after 1? It can’t be a half . . . or a third . . . or a quarter . . . or any fraction, really,
because we can always divide it by two to get a new, smaller fraction! Look at the
figure below and all will be clear (this proof will only deal with positive fractions,
although the general case is nearly identical):
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We arrange the positive rational numbers in an array: the first row lists all frac-
tions with numerator 1, the second all fractions with numerator 2, and so on. Despite
our array being infinite, we can easily picture and order it. We match them with
the natural numbers by following a “zigzag” pattern, which is nicely illustrated in
the figure above, all the while making sure to skip fractions we have already counted
(we don’t want to match 1

1
, 2
2
, 3
3
, . . . with different values). And that’s pretty much

it. The infinity of rational numbers is ℵ0 as well.

There are no more surprises left. The real numbers (essentially the set of all the
numbers you might need, from integers to fractions to the special ones like π and e)
have a larger infinity than ℵ0. Indeed, as I mentioned earlier, there are other infini-
ties (some of which are predictably named ℵ1,ℵ2, . . . ). I invite you to play around
with them: try to find the size of the real numbers. Is it ℵ1?

Much of modern mathematics’ progress in the realm of the infinite comes from the
German mathematician Georg Cantor, who in the late 19th century introduced most
of the concepts discussed here, including the above proof. His colleagues—much like
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the aforementioned children unable to name a biggest number—were scared of his
revolutionary ideas and shunned him, both professionally and personally. A former
lecturer called him a “charlatan” and a “corrupter of youth”. Cantor died alone in
poverty. Yet, much like I did, mathematics eventually embraced the infinite. Cantor’s
work now forms the basis of set theory, one of the foundations of mathematics. David
Hilbert, one of the greatest mathematicians of the 20th century, aptly said: “No one
shall expel us from the paradise that Cantor has created.” I think we can all agree.
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