
Gödel’s Incompleteness Theorems 

Mathematics is complete (every true statement can be proven), consistent (has no contradictions) 
and decidable (there is an algorithm that can always determine whether a statement follows from 
the axioms)… or rather that was what David Hilbert had hoped.  

Since ancient Greece, mathematics has been built on the basis that mathematical statements can be 
proven or disproven with total certainty. If a statement is true, you can prove it with sets of basic 
mathematical facts (axioms) that are consistent and complete. But Kurt Gödel questioned this idea 
of maths being consistent and complete. 

In 1931, Gödel published his two incompleteness theorems. His first incompleteness theorem states 
that there will always be true statements about the arithmetic of natural numbers in a consistent 
logical system that cannot be proven using just the system’s axioms. His second states that a 
consistent system cannot prove its own consistency. 

“This statement is false” is the well-known liar paradox. If this is true, then the statement is false, but 
if it is false, then the statement is true. This is an example of a self-referential paradox, and while 
creating a one with words is relatively easy, how do we make one with numbers, since they don’t 
really talk about themselves? 

Translation 

Gödel started with mapping mathematical statements into a unique number, a Gödel number, 
similar to how computers store text as binary. This allows complex mathematical ideas to be 
expressed as a single number so mathematics can talk about itself. We will use Ernest Nagel and 
James Newman’s slightly modified version of Gödel’s scheme. First, assign the 12 elementary 
symbols that are the vocabulary for expressing a set of basic axioms Gödel numbers from 1 to 12.  

Constant sign Gödel number Usual Meaning 

~ 1 not 

∨ 2 or 

⊃ 3 if…then… 

∃ 4 there is an… 

= 5 equals 

0 6 zero 

s 7 the immediate successor of 

( 8 open bracket 

) 9 closed bracket 

, 10 comma 

+ 11 plus 



× 12 times 

Table 1 Table modified from Quantamagazine 

Natural numbers are represented as successors of zero, for example, 3 would be the immediate 
successor of the immediate successor of the immediate successor of zero, i.e. “sss0”. 

Letters representing variables (starting with 𝑥𝑥, 𝑦𝑦 and 𝑧𝑧) are mapped onto prime numbers greater 
than 12 (13, 17, 19…). With this, any arithmetical formula has its own Gödel number. For example, 
“0 = 0” would be 6, 5, 6. Then, to encode the statement as a single unique number, we can make it a 
product of the first few primes (2, 3, 5…), raised to the corresponding numbers on the list. We end 
up with this:  

26 × 35 × 56 = 243,000,000 

The notation for this is: G(0 = 0) = 243,000,000 

By using products of primes, no statement will have the same Gödel number as another. In this 
system of whole positive numbers, there will be true statements and false statements. So how do 
you prove that a statement is true? Axioms all have their own Gödel numbers, for example Peano’s 
axiom, ~(𝑠𝑠𝑥𝑥 = 0), or “zero does not follow any natural number”, will have a Gödel number equal to 
21 × 38 × 57 × 713 × 115 × 136 × 179.  

We can substitute 0 in place of 𝑥𝑥 and say that 1 does not equal 0: ~(𝑠𝑠0 = 0), which has a Gödel 
number equal to 21 × 38 × 57 × 76 × 115 × 136 × 179. This is a proof, which can also be given a unique 
Gödel number. We do this by making it the product of the first few primes, raised to the Gödel 
number of the formula at the same position in the sequence. So, 2 raised to the Gödel number of 
the axiom times 3 raised to the Gödel number of “one does not equal 0”, which equals some very 
large number.   

Even statements about arithmetic formulas (metamathematical statements) can have their own 
Gödel number. Consider this true metamathematical statement (though about a false formula):  

“the first symbol of the formula ∼ (0 = 0) is a tilde.” 

“~(0 = 0)” translates into 21 × 38 × 57 × 76 × 115 × 139.  Since the tilde has a Gödel number of 1 and 
holds the first position of the formula, the Gödel number of the formula only has one factor of 2 (i.e. 
2 is a factor); had it begun with any other symbol, it would have multiple factors of 2 (i.e. 4 is a 
factor). So the statement can be thought of as:  

“there exists some integer 𝑥𝑥 such that 𝑥𝑥 times 2 is equal to 21 × 38 × 56 × 75 × 116 × 139 and there does 
not exist any integer such that 𝑥𝑥 times 4 is equal to 21 × 38 × 56 × 75 × 116 × 139.”  

We can convert this into an arithmetic formula: 

(∃𝑥𝑥)(𝑥𝑥 × 𝑠𝑠𝑠𝑠0 = 𝑠𝑠𝑠𝑠𝑠𝑠. . . 𝑠𝑠𝑠𝑠𝑠𝑠0) ∙ ~(∃𝑥𝑥)(𝑥𝑥 × 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠0 = 𝑠𝑠𝑠𝑠𝑠𝑠. . . 𝑠𝑠𝑠𝑠𝑠𝑠0) 

[Note: “sss…sss0” represents the product of 21 × 38 × 56 × 75 × 116 × 139. The symbol ∙ means “and” 
and the full expression for 𝑝𝑝 ∙ 𝑞𝑞 using the elementary symbols is ~(~𝑝𝑝 ∨ ~𝑞𝑞).] 

With this, mathematical formulas can talk about themselves by talking about the properties of the 
prime factorisations of their Gödel numbers.  



Now this means that if we have the metamathematical statement, “there exists some sequence of 
formulas with Gödel number 𝑥𝑥 that proves the formula with Gödel number 𝑦𝑦” or simply put, “the 
formula with Gödel number 𝑦𝑦 can be proved”, we can translate it into an arithmetic formula. 

Substitution 

To understand substitution, consider the formula: (∃𝑥𝑥)(𝑥𝑥 = 𝑠𝑠𝑦𝑦), or simply put: “𝑦𝑦 has a successor”. 
Its Gödel number will be some large integer we will call 𝑚𝑚. Now substitute 𝑚𝑚 in place of 𝑦𝑦: (∃𝑥𝑥)(𝑥𝑥 =
𝑠𝑠𝑚𝑚), or simply put “m has a successor”. For this formula’s Gödel number, we need to convey that 
we started with a formula with a Gödel number 𝑚𝑚, the variable we substituted out, 𝑦𝑦, has a Gödel 
number 17, and we substituted 𝑚𝑚 in place of the variable 𝑦𝑦. Therefore, the Gödel number of this 
formula is “sub (𝑚𝑚, 17, 𝑚𝑚)”.  

G is for Gödel 

Gödel considered a mathematical statement along the lines of “the formula with Gödel number sub 
(𝑦𝑦, 17, 𝑦𝑦) cannot be proved”:  

~(∃𝑥𝑥) 𝐷𝐷𝐷𝐷𝑚𝑚 (𝑥𝑥, 𝑆𝑆𝑆𝑆𝑆𝑆 (𝑦𝑦, 17,𝑦𝑦)) 

This means that he had a formula with Gödel number 𝑦𝑦, and substituted wherever a symbol with a 
Gödel number 17 was present (i.e. wherever 𝑦𝑦 was present) with a 𝑦𝑦 to get a new formula with 
Gödel number sub (𝑦𝑦, 17, 𝑦𝑦). This will have its own Gödel number, some large integer we will call 𝑛𝑛.  

Then, wherever a 𝑦𝑦 was present, he substituted it with the 𝑛𝑛. His new formula, G, was 
~(∃𝑥𝑥) 𝐷𝐷𝐷𝐷𝑚𝑚 (𝑥𝑥, 𝑆𝑆𝑆𝑆𝑆𝑆 (𝑛𝑛, 17,𝑛𝑛)), or in words: 

“the formula with Gödel number sub (𝑛𝑛, 17, 𝑛𝑛) cannot be proved.” 

Now what is the Gödel number of G? Since 𝑛𝑛 is the Gödel number of the formula 
~(∃𝑥𝑥) 𝐷𝐷𝐷𝐷𝑚𝑚 (𝑥𝑥, 𝑆𝑆𝑆𝑆𝑆𝑆 (𝑦𝑦, 17,𝑦𝑦)) and 17 is the Gödel number of the variable 𝑦𝑦 which has been 
substituted for 𝑛𝑛, by definition, sub (𝑛𝑛, 17, 𝑛𝑛) is the Gödel number of the formula G. So this 
statement is actually referring to itself:  

“this statement cannot be proved.” 

Kurt Gödel had created the first self-referential mathematical paradox. Now it says that it cannot be 
proved but is that true? We know mathematical statements must either be true or false. If the 
statement is false, then the statement can be proved, but if a mathematical statement can be 
proved, then it must be true. This would be a contradiction, meaning the system is inconsistent. 
Alternatively, if the statement is true, then the statement cannot be proved, meaning the system is 
incomplete.  

This brought about a paradigm shift; although mathematical statements are still either true or false, 
true statements can also either be provable or unprovable within a given set of axioms. This means 
that mathematics cannot have a complete system since there will always be true statements that 
cannot be proven. Even if you add new axioms and create a new system, this introduces new 
unprovable true statements. 

Consistency  



Gödel’s second incompleteness theorem states that a consistent system cannot prove its own 
consistency. There exists a formula for “this set of axioms is consistent” and a proof for this 
metamathematical statement using those axioms. However, because of the first theorem, we know 
that “this set of axioms is incomplete”, which is equivalent to “there is a true formula that cannot be 
proved”. Notice how similar this is to G?  

So if a set of axioms could prove its own consistency, then we could prove G. But we can’t! 
Therefore, we have a system that cannot prove its own consistency. So while this crushed the hopes 
of many mathematicians (*cough* David Hilbert and the formalists *cough*) and their pursuit for it 
to be possible to prove or disprove all mathematical claims, this idea of unprovable true statements 
has inspired key innovations in early computers and nowadays, some mathematicians dedicate their 
whole lives to identifying provable unprovable statements.  
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