
A Population of Rabbits and the Mandelbrot Set

Let’s say we wanted to model a population of rabbits to be able to see how the number of
rabbits changed over time. We could start off by letting xn be the number of rabbits this year
and xn+1 be the number of rabbits next year. The most simple equation would be:

xn+1 = r xn

Where r is the growth rate constant. If r equals 2 then the population doubles every year, if r
equals a number less than 1 then the population decreases every year to eventually be 0, in
real life this could represent a population with a higher death rate than birth rate. However
the problem is that the equation above states that the population of rabbits would never stop
increasing exponentially if r>1. We know this is not the case in the real world. Therefore let’s
add a new parameter which would help constrain the population as x increases :

xn+1 = r xn (1-xn)
This is called the logistic map as it maps the population of something from one year to the
next. In this case, xn is a percentage of the theoretical maximum population thus it is
between 0 and 1 therefore as x increases, ‘(1-xn)’ decreases and so the overall population
would stabilise. Now, we want to see how the population changes over time, so we could
start off by keeping r constant (let's say at 2.3) and change xn - remember that it must be
between 0 and 1 as it is just a percentage.

Above is a screenshot of a logistic map iterated 20 times with iterations 5-17 hidden away,
with a value of r at 2.3 and with 11 different xn values . Notice how although all 11 rows
started off with a different value of xn , they all converged to the same value: 0.565173913.
This therefore shows us that the equilibrium population is independent of the initial
population meaning that as we want to investigate changes in the equilibrium population we
can basically ignore the initial value of xn. However if we change the value of r it makes a
big, big difference:



The graph above shows the bizarre change in population due to the change in the growth
rate constant and it is an example of a “bifurcation diagram”, which is just a fancy way of
saying a diagram which displays the possible long-term changes when the value of the
control parameter (ie. r) is varied. It is important to note that the above diagram shows the
equilibrium population after many iterations of the logistic map and so although there seem
to be many outputs with the same input, if we knew the exact conditions (ie. time) then there
would be only one output value.
Between 0<r<1, the population dies out which makes sense because in a real world
population if the growth rate is less than one (ie death rate is larger than the birth rate) then
the population will eventually die out. Then when 1<r<3 the equilibrium population increases
as the growth rate increases, this also makes sense. The value to which x converges can be
proven to be (r-1)/r , but sadly we will not go into that for today. Once r has reached 3, the
graph starts getting weird: between 3 and 3.449.. the population permanently oscillates
between two fixed values, then between 3.449.. and 3.544.. the population oscillates
between 4 values, then after 3.544 it oscillates between 8 values, then 16,32,64 and so on.
This is called a “period doubling cascade” as the time period between oscillations doubles
(ie. it oscillates between 2 values then 4 values then 6 etc)
However after r>3.56995.., oscillations no longer follow this neat pattern and no longer

oscillate for finite periods, this is called “chaotic behaviour”.
Notice in the zoomed in version (from Wikipedia) that there are certain values of r among the
chaos that appear to behave non-chaotically (region circled in red) - this will be important
later on.

Another way of showing this behaviour is by using a cobweb plot on a graphing calculator.
Here is the link to one made on Desmos with a few comments, go ahead and check it out!

https://www.desmos.com/calculator/k7lcvrwcur


A cobweb plot is just a visual way of showing the behaviour of iterated functions, such as the
logistic map. A cobweb plot can help us see the long term / end position of a repeated
function. In this case the function we are iterating (repeating by inputting the previous output
value) is the logistic map: f(x) = r xn (1-xn). From a starting point of x (in this case x≈0.7) you
plot a straight line of x=0.7 until it reaches the black curve which is therefore the value of f(x)
(in this case f(0.7)=0.4). Next you convert the value of the function to an x value by drawing
a horizontal line (in red) to the line y=x therefore going from (x,f(x)) to (f(x),f(x)). Essentially
you are converting the previous y value (which is the output) to an x value (which will be the
next input value). Next you repeat this process by going up from the new x to the curve to
find f(x) and so on. In this case the initial value of x makes no difference so we alter the
value of r by changing the shape of the curver (y=r xn (1-xn)) which is just a stretch by scale
factor r parallel to the y axis as seen above. Notice the stable behaviour of the function on
the right when r=2.01 which shows a single equilibrium population compared to the chaotic
behaviour when r=3.82 (picture on left).

Mandelbrot set

Now let's take a break from the logistic map and move onto something seemingly very
different: the mandelbrot set.

Above is an image of the mandelbrot fractal which is arguably one of the most famous
fractals. A fractal is just a shape or image with large scale features that are repeated
infinitely many times for smaller and smaller scales. Pretty cool isn’t it? But where does it
come from? How is it made? And, what on earth does it have to do with the logistic map?

The mandelbrot set is just a set of points on the complex plane for which the function
zn+1 = zn

2 + c
does not blow up to infinity when iterated from z0=0 with different values of c. A complex
number is a number which is made up of two parts: a real number (any number on a normal
number line from -∞ to ∞) and some multiple of the imaginary number i (i² = −1). All complex
numbers can be written in the form z= a + bi. The table below shows different examples for 3
different values of c. Notice how when c=1 the function evidently starts getting larger and
larger and it is pretty obvious it will blow up to infinity. However when c=i, the function
oscillates between 2 different numbers (where have we seen this before?) but when c=0.7 it



starts blowing up again. Actually, it has been proven that once the modulus (distance from
the point to the origin) of a point is greater than 2, it will blow up to infinity and thus not be
part of the mandelbrot set.

Now that we kind of understand where the mandelbrot set comes from, let us delve deeper
into the actual maths behind it. The function which creates the mandelbrot set is again
another example of an iterated function and thus we can again use a cobweb diagram to
demonstrate what happens. Now it is important to note that as the logistic map only includes
real numbers, we are only interested in the “real” part of the Mandelbrot set. Here is the link
to another cobweb diagram on desmos.

This time the cobweb shows the behaviour of the function and whether it explodes or not.
When c=0.5, it is obvious that the iterations will keep getting larger and larger forever and
therefore it is not part of the mandelbrot set. Next, when c=-0.7 the function seemingly
spirals before oscillating between 2 fixed values when c=-1 (as seen before) and then 3
values at c=-2. The important thing to note is that within the mandelbrot set (i.e. the black
shape), numbers oscillate for different time periods. How long do these numbers oscillate for
and the pattern of oscillation is where the bifurcation diagram comes in…

https://www.desmos.com/calculator/wqxytjkcbn


Here’s the crazy bit: the bifurcation diagram is actually part of the mandelbrot set!

This diagram shows the fixed values to which the function zn+1 = zn
2 + c converges to.

Therefore when -0.75 < c < 0.25, the values of z converge to a fixed point which decreases
as z decreases (as seen in the first part of the diagram above). Then when -1.25<c<-0.75
the values of z converge to 2 values, and when -1.5<c<-1.25 the values of z converge to 4
values and so on - notice how this period doubling of the mandelbrot mirrors the period
doubling of the logistic map before it reaches chaos. The “chaos” part of the bifurcation
diagram represents the values of z which blow up to infinity and thus have indefinite, never
repeating values. However, remember when we talked about the fact there were “windows”
with stable oscillations among the chaos, this mirrors the baby mandelbrot sets within the
larger mandelbrot set. For example in the diagram above the baby mandelbrot set circled in
red lines up with the bifurcation diagram.

In this 3D gif, the view from the top shows the normal mandelbrot set in the complex number
place, then it is shown with a third vertical axis which represents the values that z takes
during its oscillations and thus the darkness represents numbers with never oscillate
(because they blow up to infinity). Therefore, this means that if you were to take a real
number c and iterate 200 times in the function zn+1 = zn

2 + c , then throw away the first 100



iterations and finally plot a diagram of c against z100 to z200 you would get the bifurcation
diagram. The weird shadow figures around the main part of the mandelbrot set show how
the values of points within those parts (in the normal xy complex plane) oscillate between
many different values in periodic cycles.

The Feigenbaum constant

We previously spoke about the period doubling nature of the logistic map. The image below
more clearly shows this behaviour.

We also mentioned that we can show that period doublings occur at the following interval
r1 = 3 (after a large number of iterations, points oscillate between 2 values)

r2 = 3.449… (cycles of 4 values)
r3 = 3.54409… (cycles of 8 values)
r4 = 3.5644… (cycles of 16 values)

-
r∞ = 3.569946… (cycles of ∞ values)

What is fascinating is that the ratio between consecutive transitions of these periods
converges to a constant factor: feigenbaum’s constant ( which is equal to 4.669… . Thisδ)
means that
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is that this behaviour of the logistic map and the feigenbaum constant is true for all unimodal
functions ( a unimodal function is essentially just a function which has a single hump when
xn+1 is plotted against x, just like the logistic map). Therefore the map:

xn+1 = r sin π xn

When 0≤ r ≤1 and 0≤ x ≤1 is unimodal. This means that when you plot r against x100 through
to x200 you get a graph that is:



identical to the logistic map! In fact, it was found that no matter what unimodal map is
formed, the distances between successive 2n cycles converge to the same number:
4.669…..
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