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Order Within Disorder: The Science of Chaos and Fractals 
 

Introduction 
What is the connection between the Mandelbrot set, a population of rabbits, 
thermal convection in a fluid and the firing of neurones in the brain? It’s this 
one simple equation: xn+1 = rxn (1-xn). This equation will spark seemingly 
random chaos with hidden windows of order. What links and explains so many 
phenomena is the science of unpredictability, the science of patterns and 
fractals, the science of order within disorder, and the science of chaos. 
 
Chaos theory is about the unpredictability in complex systems - a system 
composed of many components. It deals with nonlinear things that are 
impossible to predict or control, like turbulence, weather, the stock market, 
our brain states, and so on. It also deals with infinite patterns and the infinite 
complexity of nature. Chaos theory states that most things cannot be 
predicted unless all variables are accounted for. But what if I told you that, 
hidden amongst the randomness, order could be found. Order within disorder. 
 
 
Bifurcation Diagram 
A bifurcation diagram can be used to measure population growth, a prime 
example of order within disorder. This diagram can be used to demonstrate 
complex, dynamic phenomena that occur in chaos theory. Consider this 
diagram of the bifurcation of the logistics map: 
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If you want to model a population of rabbits and find out how many rabbits 
there will be next year, you assign ‘x’ to rabbits and multiply by the growth 
rate, ‘r’. If the growth rate was 2, the population would double every year; the 
problem is that the number of rabbits would grow exponentially forever. Thus, 
the term ‘(1-x)’ is added to represent the constraints of the environment – the 
population x is a percentage of the theoretical maximum, constraining the 
population. 
 
We reach the equation: xn+1 = rxn (1-xn). Where xn+1 is the population next year 
and xn is the population this year. Graphing the population next year against 
the population this year will yield a simple, inverted parabola. It is the simplest 
equation you can make that has a negative feedback loop. xn+1 is increasing in 
xn when xn is small and decreasing in xn when xn is large; the feedback is 
positive for small populations and negative for large populations.  

 
A bifurcation is a division of two branches (see image above); it is a period-
doubling, occurring when the control parameter is changed. A 
bifurcation diagram is a visual summary of the succession of period-doubling 
produced as r increases. For each value of r, the system is allowed to settle 
down and then the successive values of x are plotted for a few hundred 
iterations.  This diagram shows the behaviour of populations with different 
degrees of fertility, as opposed to using multiple, individual diagrams - all the 
information is assembled into one picture. 
 

Link to 
GIF on 
the left 

https://upload.wikimedia.org/wikipedia/commons/6/63/Logistic_Map_Animation.gif
https://upload.wikimedia.org/wikipedia/commons/6/63/Logistic_Map_Animation.gif
https://upload.wikimedia.org/wikipedia/commons/6/63/Logistic_Map_Animation.gif
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Even with the simplest equation, the region of chaos in a bifurcation diagram 
proves to have an intricate structure far more orderly than it seems. At first, 
the bifurcations produce periods of 2, 4, 8, 16, etc. Then chaos begins, with no 
regular periods. However, as r continues to increase, there are these windows 
of stable periodic behaviour amid the chaos. For example, a stable period 3 
appears and then the period-doubling begins again: 6, 12, 24, etc before 
returning to chaos. This one equation contains periods of every length. The 
structure is infinitely deep. When the portions are magnified, they turn out to 
resemble the whole diagram. 
 
Chaos is not simply disorder. Chaos explores the transitions between order and 
disorder, which often occurs in surprising ways. 
 
 
Fractals 
A fractal is a never-ending pattern, they are infinitely complex and are self-
similar across different scales. Effectively, fractals are objects that have 
fractured dimensions; they are self-similar and chaotic. Self-similarity means 
that at every level, the fractal image repeats itself. Fractals have shapes or 
behaviours that have similar properties at all levels of magnification. Examples 
can be found in galaxies, nerves, veins, arteries, clouds, coastlines, mountains, 
flowers and all over the natural world. 
 
They can be pictures that result from iterations of nonlinear equations. Using 
the output value for the next input value, a set of points is produced. Graphing 
these points produces images, as I’ll show you now. 

 
This beautiful image is known as the Mandelbrot set. This fractal is based on 
the iterated equation Zn+1 = Zn

2 + C. The colours in the illustration of the 
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Mandelbrot set represent how many iterations it takes for the sequence to 
become large – brighter colours take longer. 
 
Before I delve into how this fractal is made, let me clear up some of the 
terminologies first. The complex plane is a graph with real numbers on its x-
axis and imaginary numbers on its y-axis. A real number is just a normal 
number, that can be whole, decimal, a fraction etc. and an imaginary number 
is the square root of a negative number and does not have a tangible value. 
 
The basic idea of this fractal is that you take any point C on the complex plane, 
make a copy of it, call it Z, and then just keep updating Z with an equation. 
Then you colour the points based on where they end up; so if it goes onto 
infinity then it’s not part of the set and gets assigned a colour, in this case, 
blue. But if it converges or goes into a cycle then it is part of the set and is 
coloured black. So, this fractal is the set of complex numbers C for which this 
equation does not diverge to infinity when iterated from Z = 0, remaining 
bounded. 
 
We will now investigate some values; remember the only values of interest are 
ones that stay small and don’t blow up and go to infinity. If we want to find out 
what is in this fractal, then we iterate 0, we assign 0 to Z. 
Let’s start with a value of -1 for C. Plugging it into the equation gives: 
0 = 0 + -1 
-1 = 1 + -1 
0 = 0 + -1 
 
This just loops around and so does not get any bigger, so we know it’s in the 
set. This function will just keep oscillating back and forth between-1 and 0, 
remaining finite. 
 
Assigning 1 to C will yield: 
0 = 0 + 1 
1 = 1 + 1 
2 = 4 + 1 
5 = 25 + 1 
26 = 676 + 1 
677 = 458329 + 1  
You can see that this will grow exponentially. And so, since it will go to infinity 
then it is not part of the set. 
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The Mandelbrot set effectively shows the boundary between the numbers that 
cause this iterated equation to remain finite and those that cause it to blow 
up. What this lacks, however, is how these numbers stay finite. The equation 
has been iterated thousands of times and then plotted on the Z-axis - the 
iteration’s value. So if we look from the side what we’ll see is the bifurcation 
diagram, which I’ll explain later. 
 
Fractals aren’t just created by equations; they’re found in nature. Take a look 
at this example of a Romanesco broccoli. If a small piece of said broccoli is 
viewed up close, it will look the same as a larger chunk, having a form naturally 
approximating a fractal. See the image below, on the left. 
 

 
Another good example of fractals found naturally is in lung tissue. Here, the 
fractal geometry has a functional purpose, giving a solid with an extremely high 
surface area – a mathematical approximation would have infinite surface area. 
This is useful for absorbing oxygen into the blood. On top of that, the human 
lung is an almost perfect fractal pattern, meaning any abnormalities caused by 
tumours will break that pattern and be easily picked up by a CT or MRI scan. 
See the image above, on the right. 
 
Looking back on the bifurcation diagram, it looks like a fractal; the large-scale 
features look to be repeated on smaller scales. Zooming in, you can see that it 
is a fractal. Take a look at this animation: Logistics map zoom.  
 

https://youtu.be/PtfPDfoF-iY
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It is no coincidence that I have talked about two seemingly unrelated things. 
They are connected. 
 
 
The Hidden Connection 
I’ve talked about how an animal population is measured using the bifurcation 
diagram, and, I’ve referenced fractals as well, the Mandelbrot set especially. 
But what happens if we combine the two things? This is what we get: 

Link to GIF shown above 
 
The geometric relationship is shown when the Mandelbrot set is aligned with 
the bifurcation diagram. The bifurcation diagram is part of the Mandelbrot set. 
 
But what does this mean? Well, this is showing us that all of the numbers in 
the main cardioid end up stabilising onto a single constant value. The numbers 
in the main bulb, however, will end up oscillating back and forth between two 
values. In the next bulb (labelled secondary bulb), they end up oscillating 
between four values, having a period of 4, then 8, 16, 32 and so forth. Until the 
chaotic part is reached. You can also see that the medallion is a small version 
of the entire Mandelbrot set; which corresponds to the window of stability. Off 
of the main cardioid are numerous bulbs; they have periodic cycles. See the 
labelled image of the Mandelbrot set below. 

https://upload.wikimedia.org/wikipedia/commons/8/8e/Buddhabrot_logistic_map_animation.gif
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Conclusion 
Earlier I mentioned that the one equation of xn+1 = rxn (1-xn) applies to a wide 
range of totally unrelated areas of science. This very equation can not only be 
used in the Mandelbrot set and measuring population growth; but also for 
thermal convection in a fluid and the firing of neurones in the brain. 
Connecting them all is the idea of period-doubling – occurring when a slight 
change in a system causes a new periodic trajectory to emerge from an 
existing trajectory, thus causing the new one to period double. In fluid 
convection, the temperature spikes to go back and forth between two 
different heights and as the temperature increases, period-doubling proceeds. 
 
Alongside that, scientists have studied the response of human eyes compared 
to salamanders’ eyes with flickering lights. The results showed a period-
doubling; once the light reaches a certain flickering rate, human eyes only 
respond to every other flicker. In another study, scientists gave rabbits a drug 
that sent their hearts into fibrillation (where the heart beats irregularly and 
doesn’t pump blood), leading to death. The conclusion from the experiment 
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was that on the path to fibrillation, the period-doubling route to chaos was 
found. The rabbits started with a periodic beat and then went into a two-cycle, 
with two beats close together and then a four-cycle, with four different beats - 
before it repeated and eventually became a periodic behaviour. In this 
investigation, the heart was monitored in real-time, and chaos theory was used 
to determine when to apply electronic shocks to the heart, returning to 
periodicity. In effect, chaos was used to control a heart. Thus, what was figured 
out was a better way to deliver electrical shocks to set a heart beating 
normally again. 
 
The bifurcation diagram is present in so many different places, and it’s because 
of the equation xn+1 = rxn (1-xn). This equation gives you a new intuition for 
ways in which simple equations can create very complex behaviours. Now to 
finish with a quote from one of the founders of chaos, Edward Lorenz, on how 
he described chaos: “When the present determines the future, but the 
approximate present does not approximately determine the future”. As you 
now know, amidst the chaos order can be found. Order within disorder. 
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