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Although most people have encountered Lewis Carroll’s playful and nonsensical “Alice’s Adven-
tures in Wonderland”, few know of his real name, Charles Dodgson, nor of the fact that he was not
just a writer, but rather a professor of mathematics at Christ’s Church, Oxford. As such, his work
is laced with allusions to mathematical developments in his time. This is most notably epitomised
in the iconic “Mad Tea-Party” chapter.

For those who are unfamiliar or have forgotten, Alice’s adventures begin when she falls down
a rabbit-hole, after following a talking white rabbit with a pocket watch. The story details her
exploration of this new world and her encounters with many of its residents. One such character is
the Mad Hatter, who invites her to tea in the seventh chapter. It is perfectly fine to take it at face
value and accept the chaos, but in trying to uncover the symbolism, we can fall into a mathematical
rabbit-hole (much like the one into which Alice falls), and along the way, discover some fantastical
truths about numbers.

Our fall begins with the real numbers. These are numbers the non-mathematician would come
across exclusively in their day-to-day lives. We can visualise them on a line, stretching out towards
infinity in two directions - positive and negative.

One property of these reals is that the multiplying them together can be visualised as a stretch
on the number line. When we multiply a number by something positive, that number is being
moved along the number line, but never touches zero on the way; when we multiply a number by
something negative, that number is also being moved along on the number line, but it goes through
zero, getting to the other side. The magnitude of the number represent how much we stretch. This
might sound pedantic, but now that we’ve pinned down this property of multiplication, we can use
it to prove some things that are not as intuitive.

We begin with a negative number, and multiply it by another negative number; think about the
point, to the left of zero, being moved to the right, past zero; this means that the final product
must be positive. Now let’s think about squares, which is just any number multiplied by itself. We
have just shown that the product of two negative numbers must be positive, so any negative number
squared must also be positive. Clearly any positive number squared must be positive; and 0 squared
is 0. This means that any real number squared must be either 0, or positive.

From this, you could say that it’s absurd even to imagine that there would be a number whose
square is negative. After all, have we not just proved that all squares are either 0 or positive? Not
quite: we proved that the squares of all real numbers are 0 or positive. As it turns out, there is a
whole new world of numbers that pops into existence as soon as we allow the possibility of such an
entity’s existence. They are called the complex numbers, and can be written as a+ bi, where a and
b are real numbers, and i =

√
−1. From here, we can extend our number line, making a new axis

for the bi part of our complex numbers. This is no longer a line; rather, it is a plane.

And, just like how the we can represent multiplication geometrically on the real number line, we
can do something analogous with the complex plane. If we play around with multiplying different
complex numbers on the plane, and seeing where the product ends up, we can actually deduce that
there is a rotational effect, just like how there was a stretching effect for the reals. To calculate the
rotational effect of a specific complex number (z, say), we can multiply 1 by it, and see where it ends
up. We want, for ease of understanding, to have no stretching effect in parallel with the rotational
effect, so we restrict our end point to having a distance of 1 from the origin (since the number 1 is 1
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away from 0). If multiplying by z rotated things by an angle of θ (anticlockwise and centred at 0),
then we can use a bit of trigonometry to find out that it would rotate the number 1 to cos θ+ i sin θ:

Real

Imaginary

cos θ + i sin θ

i

−i

-1 θ

1

10

We know that 1 · z = z, and we just deduced geometrically that the left hand side of this equation
must equal cos θ+ i sin θ, so z = cos θ+ i sin θ. What this means is that if you give me any complex
number w and an angle θ, I can always find a complex number z such that z · w is w rotated
θ degrees anticlockwise. What’s more, w can be a collection of points, meaning that we can use
complex numbers to rotate 2D shapes on a plane.

Can we go further? We might conjecture that we need three dimensions for a rotation in 3D
space, given that we needed one dimension for a stretch on a line and two dimensions for a rotation
on a plane.

Such was the common attitude which Victorian mathematicians bore; they tried to add in a third
type of number, j, in the hopes that it would represent the third dimension, but this led only to
failure: they just could not find a system of 3-dimensional numbers that represented rotations in 3D.
That is, until one fateful day in 1843, when Irish mathematician William Rowan Hamilton, whilst
taking a walk in Dublin, realised that four dimensions, rather than three, were needed to create a
consistent number system. So excited by this revelation, and so anxious that it would escape him,
he carved the now-famous equation into a stone on Brougham Bridge:

i2 = j2 = k2 = ijk = −1

These new numbers were called quaternions, and could be expressed as a+bi+cj+dk. They had many
bizarre properties, one of which being that their multiplication was no longer commutative. In other
words, the order in which you multiply two quaternions determines the final product. When we do
multiplication with the real and complex numbers, we just take commutativity as a given: obviously
3 times 5 is the same as 5 times 3, how could it be otherwise? Lord Kelvin, a contemporary of
Dodgson, described quaternions as an “unmixed evil to those who have touched them in any way”,
clearly showing that this new number system caused great confusion and uncertainty within the
Victorian mathematical sphere.

But, in the same way that complex numbers were still useful for describing 2D rotations, despite
the “unreal” nature of the square root of negative numbers, quaternions are still useful for describing
3D rotations, despite the unintuitive idea that multiplication is not commutative. We have already

2



deduced that multiplying any number by cos θ+ i sin θ represents an anticlockwise rotation of angle
θ about 0 in the complex plane. Unfortunately, the quaternion equivalent, q, is nowhere near as
simple:

q = cos
θ

2
+ sin

θ

2
(xi+ yj + zk)

This seems too complicated to be a number, but it becomes easier to understand if we break it down
bit by bit. The x, y and z and represent the axis of rotation. Think of it like a skewer that we punch
through some object in 3D space and spin around. The letters are elements of the vector which
determines the skewer’s specific orientation in space. The i, j, k are just our new numbers, so treat
them like fixed constants. θ is just the angle by which we want to rotate our number.

Axis and angle of rotation

But why is θ scaled by 1
2?

One caveat that I have not yet mentioned is how we use q to rotate things. For complex numbers,
we just needed to multiply cos θ+ i sin θ by whatever we wanted to rotate and we would obtain the
rotated number. This, however, does not apply for quaternions. We have to make a “quaternion
sandwich”, as it were, in order to rotate some number p. Note that this number is a quaternion of
the form ai + bj + ck, as we only want to represent something in 3D space, not 4D. If the number
post-rotation is p′, then

p′ = qpq−1

where q−1 = cos θ
2 − sin θ

2 (xi+ yj+ zk). This explains why the angle is halved: we can think of the

multiplication as rotating our number twice, by an angle of θ
2 each time, which yields a net angle of

θ.

Now that we have a basic understanding of quaternions, we can use it like a pick to chip away
at the “tea-party”, unveiling a new reading. Firstly, we notice how Alice states: “I mean what I
say - that’s the same thing [as saying what I mean], you know.” This declaration becomes a lot less
obvious once we take into account the non-commutativity of quaternion multiplication. Perhaps
Alice’s dismissive tone is a reflection of Dodgson’s sceptical attitude: “saying” and “meaning” are
commutative, so it is absurd that there are things that are not like so. One could, however, rebuke
that perhaps the author does not take this stance, given that the Mad Hatter immediately replies
“Not the same thing a bit!”. But, then again, the author also presents him as, well, mad; it would
also be valid to deduce that Dodgson was portraying those who allowed non-commutativity as insane.

The rotational property of quaternions is symbolised in the setting of the tea-party itself, with
the diners in constant spin, unable to enjoy their food. This is because when Hamilton had been
experimenting with 3-dimensional numbers, they’d spin around endlessly, disobeying his command.
Only when he introduced the 4th dimension, was he able to describe 3D rotations with complete
freedom. The problem was that in the Victorian Era, mathematics was still in the process of
becoming more abstract and separated from reality, so Hamilton had to make sense of this fourth
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dimension in physical terms. He attributed it to pure time, that which is independent of human
experience. Thus, we uncover a new symbolic meaning behind the participants of the tea-party:
the Mad Hatter, the March Hare and the Dormouse are the three dimensions of numbers, whereas
“Time”, the fourth dimension, is absent; he “won’t do anything” the Mad Hatter “ask[s]”. Therefore,
without the fourth dimension, the trio are doomed to spin on the 2D plane of the table forever, never
able to come to a stop. The ultimate irony is that the very party is called a “tea-party”, “tea” being
a homophone to the letter “t”, which is used conventionally in maths to represent “time”.

When Alice takes her leave from this chaotic party, she sees the Mad Hatter and the March Hare
“trying to put the Dormouse into the teapot”. Though two-dimensional numbers are still absurd,
allowing the square roots of negative numbers to exist, they are still better than the utter havoc
that is caused when the third dimension of number is released into mathematics. The Mad Hatter’s
attempts at stuffing the Dormouse away is an expression of this sentiment.

But, in reality, this is nothing more than naive fantasy: once new knowledge is obtained, it can’t be
“un-known”. After the storm of questioning against the legitimacy of quaternions had settled, their
sheer computational power became clear. Although Alice does not think much of these numbers,
commenting “It’s the stupidest tea-party I ever was at in all my life!”, it can be quite difficult,
for a modern reader, to discern whether Dodgson’s position on these numbers were one of satire
or playfulness. A biographical analysis suggests that Dodgson was a conservative mathematician,
disapproving of the new, abstract developments of the time and staunchly keeping to the rigour of
Euclid, which implies that the chapter’s attitude was one of mockery, but one could argue also that
the mere inclusion of the symbolism indicates a sense of curiosity from the author. What we can
say is that Dodgson was sceptical about the general abstraction of mathematics during his time, of
which quaternions were surely an example. But, it is undeniable that they are incredibly powerful for
representing 3D rotations. In fact, they are nowadays used to orient objects accurately in computer
graphics, aeronautics and even electric toothbrushes!

Conclusion

At the time of their conception, quaternions seemed only to sit shyly in the ever-distant Platonic
realm, segregated from reality. But, since then, they have found their way into people’s daily lives in
the form of technology, escaping Dodgson’s nonsensical wonderland and firmly planting themselves
in the real world.
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Second image taken from https://en.wikipedia.org/wiki/Quaternions_and_spatial_rotation

with permission.
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