A fascinating way to estimate pi
Pi is probably a concept most students learn at a very young age. They sort of accept that
there is such a unique number that magically helps to define the circumference and area of a
circle. Some even choose to learn many digits of it and others continue to use it as they
study maths further. Rarely, however in our education do we ever discuss how we could
physically carry out an experiment to approximate pi? I will discuss a truly beautiful way to
do so and some other fascinating results which come about too. All you will need is some
spaghetti, a pencil and a ruler.

Draw a square grid using the spaghetti straws. Then extend the 4 sides of the square slightly
to represent infinite lines just like above. Let us define this spaghetti as having length 1 and
with that the square grid as having side of length 1. This means that the length of each
spaghetti straw = length of side on square. Now that the setup is done, throw some spaghetti
straws at the square grid! Consider the average number of crossings for each noodle with
these four (infinite) lines in the grid. Initially, the possibility of this helping to estimate pi is
somewhat ridiculous. We have a straight grid, straight spaghetti, how on earth would π come
about?

After a while, perhaps if you are particularly curious and diligent you might throw enough
noodles to notice that this average is approximately 4/ π. By that I mean that the theoretical
average is 4/π. As you throw more noodles, the experimental average should converge to
the theoretical average This means we can set up an equation to rearrange for an
approximation of π.
4/π ≃ Number of crossings / Number of noodles
π ≃ 4 (number of noodles/ number of crossings)
There are multiple ways to prove that the theoretical average is 4/π. Most of them however
use nasty integrals and do not give you much intuition behind the problem. I will provide a
proof which only uses elementary methods which also helps to prove another beautiful
theorem.
The first step is to cook some spaghetti! This generalises the problem as we now consider
noodles of any shape rather than only curved ones. This might seem to make the problem
more difficult but in this case it exploits a very useful property.

This property is that the average number of crossings of the spaghetti does not depend on
the shape of the noodle but only the length. In fact, the average number of crossings is
directly proportional to the length such that there exists a K where
Average no. of crossings = K x length
If this seems odd, you are not the only one. To convince you, I will first try to provide an
intuitive explanation. Consider the curled up, cooked spaghetti, if it is near a grid line that it is
more likely than the spaghetti straw to interest the grid again as it is more compact. But if it is
far from a grid line, then the fact that it is more compact means that it is less likely than
spaghetti straw to intersect any grid lines. On the other hand, the fact that it is so compact
also means that if it is quite far away from a grid line it is more unlikely than the straight
noodle to get a crossing. Another way to think about this is to consider cutting up a cooked
spaghetti and spaghetti straw of the same length into small pieces. Even though the cooked
spaghetti is curvy, if we cut it into small pieces like below, each piece is approximately

straight. Since the noodles are thrown randomly, this means moving the small pieces around
will not change the average number of crossings for each noodle. Thus we can rearrange
the pieces of the curvy noodle into the exact shape of the straight noodle (they have the
same length). Therefore the average number of crossings is the same and so it only
depends on length.

If you would like to read a formal proof of this property then continue reading -- I
would urge you too given that it is very instructive. Otherwise feel free to skip the
formal proof..
Before we dive into the proof we have a few things we need to introduce.
Firstly, the notation:
𝐶(γ)= number of crossings of curve y
𝐸[𝐶(γ)] = average number of crossings of curve y
𝑙𝑒𝑛(γ) = length of curve y
𝑥

𝑙 is a straight line segment of length x
1

Secondly, let us define 𝑙 as the line segment such that
1

𝐸(𝑐(𝑙 ) = 𝐾 × 1
Finally, throughout the proof we will use the linearity of explanation. Linearity of expectation
is the property that the expected value of the sum of random variables is equal to the sum of
their individual expected values, regardless of whether they are independent. Intuitively this
is true, imagine you had black and white marbles. If you chose to calculate the average
proportion black marbles out of the 100 that would obviously be the same as splitting the

marbles into groups of 10 then calculating the proportion of each group that is black and
then taking their average. A formal proof can be found on Brilliant. Note that when we cut the
spaghetti into pieces they are not independent but nowhere within our proof do we rely on
independence at all.
We want to prove,
Theorem: That for all curves γ that are twice piecewise differentiable there exists a
constant K such that.
𝐸[𝐶(γ)] = 𝐾 × 𝑙𝑒𝑛 (γ)
This is a rather daunting problem so let's break this down into separate lemmas and then
piece them together. We want to show that theorem is true for,
Lemma 1: For all line segments of length 1/n for integer n.
Lemma 2: For all line segments of length m/n i.e all rational line segments
Lemma 3: For all line segments of irrational length
Lemma 4: For all curves piecewise linear
Proof of Lemma 1:
We want to show that,
1/𝑛

𝐸(𝑐𝑟𝑜𝑠𝑠(𝑙

) = 𝐾 × 1/𝑛

This is just a fancy way of saying that the average number of times a straight line segment n
times smaller than a line segment of length 1 will on average cross n times less lines. This is
very much intuitively true.
1

Let us consider 𝑙 . Split it up into n pieces.

From our definition,
1

𝐾 = 𝐸[𝐶(𝑙 )]
1

But 𝑙 is the disjoint union of all the different lines. They are all separate parts as you can see
in the diagram.
1/𝑛

1/𝑛

𝐾 = 𝐸[𝐶(𝑙1 ∪ 𝑙2

1/𝑛

∪ ... ∪ 𝑙𝑛 ]

If you have disjoint unions the number of crossings is just the sum of the crossings of the
individual pieces hence

1/𝑛

1/𝑛

1/𝑛

𝐾 = 𝐸[𝐶(𝑙1 ) + 𝐶(𝑙2 ) + ... + 𝐶(𝑙𝑛 )]
Now, using the linearity of expectation then
1/𝑛

1/𝑛

1/𝑛

𝐾 = 𝐸[𝐶(𝑙1 )] + 𝐸[𝐶(𝑙2 )] + ... + 𝐸[𝐶(𝑙𝑛 )]
However each piece is identically distributed i.e each piece is thrown randomly so these are
all equal. Thus
1/𝑛

𝐾 = 𝑛 × 𝐸[𝐶(𝑙

)]

1/𝑛

Therefore, 𝐸[𝐶(𝑙

)] = 𝐾 × 1/𝑛

Proof of Lemma 2:
We want to show that for integers m and n,
𝑚/𝑛

𝐸[𝐶(𝑙

)] = 𝐾 × 𝑚/𝑛

This follows the same line of argument as lemma 1.

𝑚/𝑛

𝐸[𝐶(𝑙

1/𝑛

1/𝑛

)] = 𝐸[𝐶(𝑙1 ∪ 𝑙2

1/𝑛

∪ ... ∪ 𝑙𝑚 ]

1/𝑛

= 𝑚 × 𝐸[𝐶(𝑙

)]

= 𝑚 × 𝐾 × 1/𝑛
= 𝐾 × 𝑚/𝑛
Proof of Lemma 3:
We want to show that for an irrational length x,
𝑥

𝐸[𝐶(𝑙 )] = 𝐾𝑥
Now, this will be a little harder to prove so brace yourselves. Evidently, the splitting argument
will not work as well here given that x is irrational. So how might we tackle this? Hint: we will
need to use all the information we have gained so far about rational lengths!
We know that there exists some q- and q+ that tightly bound x from above and below
q- < x < q+

𝑞−

Let us define 𝑙

𝑥

𝑞+

as the line segment on top of 𝑙 but slightly shorter and l𝑙 as the line
𝑥

𝑞−

segment also on top of 𝑙 but slightly longer. Thus 𝑙

𝑞−

Given that 𝑙
𝑞−

𝑥

𝑥

𝑞+

⊆ 𝑙 ⊆ 𝑙 . This can be seen below

𝑞+

⊆ 𝑙 ⊆ 𝑙 , the average number of crossings must also be ordered so that

𝑥

𝑞+

𝐶(𝑙 ) ≤ 𝐶(𝑙 ) ≤ 𝐶(𝑙 )
𝑞−

𝑥

𝑞+

𝐸[𝐶(𝑙 )] ≤ 𝐸[𝐶(𝑙 )] ≤ 𝐸[𝐶(𝑙 )]
Using lemma 2,
−

𝑥

+

𝐾𝑞 ≤ 𝐸[𝐶(𝑙 )] ≤ 𝐾𝑞
𝑥

−

𝐸[𝐶(𝑙 )]
𝐾

𝑞 ≤

+

≤ 𝑞

Now we know that q- < x < q+. We also know that q- and q+ are arbitrary rational numbers.
This means we can increase q- to approximately x and decrease q+ to approximately x so
that by sandwich theorem we get
𝑥

𝐸[𝐶(𝑙 )] = 𝐾𝑥
Proof of Lemma 4:
Now that we have proven the theorem for irrational and rational line segments we can do
this,
If γ is piecewise linear like so

As you can see,
𝑥

𝑥

𝑥𝑛

γ = 𝑙 1 ∪ 𝑙 2 ∪ ... ∪ 𝑙

These are disjoint unions given that these lines do not overlap at all so like lemma 1 and 2,

𝑥

𝑥

𝐶(γ) = 𝐶(𝑙 1) + 𝐶(𝑙 2) + ...
𝑥

𝑥

𝐸[𝐶(γ)] = 𝐸[𝐶(𝑙 1)] + 𝐸[𝐶(𝑙 2)] + ... = 𝐾 × 𝑙𝑒𝑛(γ)
Proof of theorem:
Finally, we can now piece together these 4 lemmas to prove the theorem! As a reminder, we
want to prove that 𝐸[ 𝐶(γ)] = 𝐾 × 𝑙𝑒𝑛 (γ). Given that gamma is twice piecewise
differentiable we can divide each section into curves with concave in and concave out
sections. If a section is straight then we have already shown the theorem holds for that
section. Some general gamma looks as follows

We are going to have to use a key idea from one of the previous lemmas -- give it some
thought. It is the sandwich theorem! In this case however, we will need two piecewise linear
curves (making use of lemma 4) to squeeze our general gamma. All we need to do now is
𝑖𝑛

𝑜𝑢𝑡

find two such curves. Let γ be inside gamma like below and γ
be outside it. Strictly
speaking here, I am referring to the convex hull of gamma. Obviously as we add more and
𝑖𝑛

𝑜𝑢𝑡

more line segments than γ and γ

more closely mimic γ.

Now, it is time for final observation to complete the problem. Just like we did in lemma 3,
notice the ordering of the number of crossings. Any line that crosses yin must cross gamma
and yout. Any line that crosses gamma must also cross y out but not every line that crosses
y out needs to cross the other two curves. You can see this from the lines a,b,c and you can
verify this by yourself with more lines. Therefore,

𝑖𝑛

𝑜𝑢𝑡

𝐶(γ ) ≤ 𝐶(γ) ≤ 𝐶(γ
𝑖𝑛

)
𝑜𝑢𝑡

𝐸[𝐶(γ )] ≤ 𝐸[𝐶(γ)] ≤ 𝐸[𝐶(γ
Then from lemma 4,

)]

𝑖𝑛

𝑜𝑢𝑡

𝐾 × 𝑙𝑒𝑛(γ ) ≤ 𝐸[𝐶(γ)] ≤ 𝐾 × 𝑙𝑒𝑛(γ

)

Guess what we are going to do here? Of course, it is the sandwich theorem again. Since
𝑖𝑛

𝑜𝑢𝑡

𝑙𝑒𝑛(γ ) tends to 𝑙𝑒𝑛(γ) and 𝑙𝑒𝑛(γ
𝐸[ 𝐶(γ)] = 𝐾 × 𝑙𝑒𝑛 (γ)

) also tends to 𝑙𝑒𝑛(γ), we have

This finally shows that 𝐸[ 𝐶(γ)] = 𝐾 × 𝑙𝑒𝑛 (γ) and we can move back to the main
problem. We have shown that the average number of crossings depends only on length and
that there is some proportionality constant present for all the noodles. We only need to find a
single nice example. So all that is left to do is to find the proportionality constant for one
noodle. What do you think it will be? Pi hasn’t even come into the picture yet.
We need to use a circle of course! This is an ingenious trick. Crucially, it is the reason why
the mysterious pi appeared in our average number of crossings. A circle of diameter 1 has
exactly 4 crossings no matter where it lands on the square grid (side 1).

Recall that we just proved that 𝐸[ 𝐶(γ)] = 𝐾 × 𝑙𝑒𝑛 (γ). Substituting in the values,
4=Kxπ
K = 4/ π
Our original problem was defined for spaghetti of length 1 and so the theoretical average
number of crossings for a noodle of length 1 is 4/π x 1 = 4/π. Thus we can indeed
approximate pi using this formula!

π =4 ×

𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑛𝑜𝑜𝑑𝑙𝑒𝑠
𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑐𝑟𝑜𝑠𝑠𝑖𝑛𝑔𝑠

This is an alternative form of Buffon’s noodle problem. Buffon needle statement: Suppose
there exist infinitely many equally spaced parallel lines, and we were to randomly toss a
needle whose length is less than or equal to the distance between adjacent lines. What is
the probability that the needle will lie across a line upon landing? Try to work it out with this
method for yourself! There is a simulator.at https://www.ventrella.com/Buffon/.

Barbier’s Theorem
Another great thing about our proof is that it also helps to prove Barbier’s Theorem which is
otherwise quite difficult to prove! Barbier’s Theorem states that every curve of constant width
has a perimeter π times its width, regardless of its precise shape.
Consider these curves of constant width 1 as noodles thrown onto our grid of side length 1.
As they are curves of constant width they will intersect the grid 4 times (see below).
Therefore using our equation 𝐸[ 𝐶(γ)] = 𝐾 × 𝑙𝑒𝑛 (γ) and substituting in values we get 4
=4/π x length. This gives length equal to π which verifies Barbier’s Theorem. I will leave it to
you to show that for a grid with side length D, the constant K would become 4/π x d giving a
perimeter of πd to the curve of constant width. This proves Barbier’s Theorem.

Reuleaux Polygons

You might ask what was that strange shape you drew above? You might have also thought
that a circle was the only curve of constant width. The shape I drew is known as a Reuleaux
polygon. A Reuleaux polygon is a curve of constant width made up of circular arcs of
constant radius.These shapes are named after the German engineer Franz Reuleaux who
first used a shape now coined the Reuleaux triangle.
The constant width of Reuleaux polygons means that they have a number of applications.
Theses are one of the only shapes other than the circle that can be used as a manhole. A
square for example could not be used as its hypotenuse is longer than the length of its dies
so in particular orientations it will fall into the hole. Keep your eyes peeled as one day you
might just spot a Reuleaux triangle manhole!

Moreover, due to the constant width, Reuleaux polygons can be used as wheels. In fact, the
Chinese inventor Guan Baihua used it to make a bike. The constant width means that
Reuleaux polygons maintain the same height as they rotate just like a circle. So why don’t
we see more Reuleaux polygon bikes? Well, that is because despite this, Reuleaux
polygons still roll quite differently to circles. The path of the centroid (centre of mass) is
shown below,

By contrast for a circle, the centre of mass completely stays level as it rolls. This means that
while the Reuleaux polygon can roll, it makes for a poor bicycle wheel because as you can
see it does not roll about a fixed centre of rotation. An axle attached to a Reuleaux triangle
would bounce up and down three times per rotation making for a very unstable ride. A great
animation for this is linked here: https://www.geogebra.org/m/ev8drqhq.
Reuleaux triangles are particularly interesting and are most widely used. They are used in
guitar picks and in pencils and much more. The shape helps encourage good pencil grip as
we hold pencils with three fingers and the smooth shape makes it comfortable too.
They also have some interesting properties. According to the Blaschke-Lebesgue Theorem,
they have the minimum area for a curve of a given constant width s. You can look up the
formal proof for yourself. Nevertheless, the formula for the area of the Reuleaux triangle in
terms of s i.e the constant width (try to work it out first) …

𝐴𝑟𝑒𝑎 =

1
2

2

2

(π − 3)𝑠 ≈ 0. 705 𝑠

The area of a circle of constant width s by comparison is about 10 percent larger …
𝑠 2

π

2

2

𝐴𝑟𝑒𝑎 = π( 2 ) = ( 4 )𝑠 ≈ 0. 785𝑠

Imagine, every circular shaped pencil was replaced with
reuleaux triangular shaped pencil of the same constant width -we could save so many trees!

In fact, the circle has the maximum area for a curve of constant width. This follows from the
isoperimetric inequality and Barbier’s theorem (again) ! The isoperimetric inequality says that
the circle of radius s/2 has the largest area of all curves of perimeter π𝑠. Then by Barbier’s
theorem all curves of constant width have the same perimeter π𝑠 and therefore the circle of
radius s/2 has the largest area.
Concluding remarks
Mathematics helps to explain what is behind the scenes and not immediately obvious. Pi
seemingly appeared from nowhere in a problem consisting of only straight lines. The
interconnections within mathematics are also endless. Our method of estimating pi led to a
proof of Barbier’s Theorem which helped to provide even more facts about curves of
constant width and Reuleaux polygons. Reuleaux polygons themselves are also full of
fascinating properties and also real-life applications. All of this from throwing some spaghetti
at a grid! It was indeed a fascinating way to estimate pi.

