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1 Introduction

Your granny has sent you out to pick apples from trees in an infinite valley
where the apple on the tree gets smaller and smaller the further you go, and
count how many apples you have on top of the two apples you carry with you.

Armed with a calculator, you enter The Valley and find an apple. What is 2+1?

Intuitively, we might say it is 3, of course, and we would be right. If we had
two apples and collected another apple, we would have three apples. But what
if the apple we pick is of a smaller size?

With this idea in mind, we venture further into The Valley and face a new
question, what is 2+0.1?

The calculator says it is 2.1, so let us stick to that answer, and it is a bit hard
to think of this question as picking apples anymore. One-tenth of an apple is
hard to define, but let’s keep pushing this abstract idea of picking up a smaller
and smaller apple every time.

What is 2+0.01?

What is 2+0.001?

What is 2+0.0001?

And so on. . .

The issue here is that The Valley does not end; there’s always an apple tree
next to each other with an apple that gets smaller and smaller as you go. So
after every step you take, there will be a smaller apple to pick. We can see this
as a sequence:

1, 0.1, 0.01, 0.001, 0.0001. . .

You can always make the apple ten times smaller, which adds a zero to our
decimal, infinitely many times. This is a modified version of Hilbert’s Hotel
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paradox, where instead of infinite hotel rooms and infinite guests, we have ap-
ples. The question here lies in the set of real numbers, R, which is a value that
can represent a distance along a number line like this:

We can see the issue by zooming in:

We can do this process infinitely many times, adding infinitely many zeros. This
is the concept of uncountable infinity, you can always count 0.1, but there is
a 0.01 waiting to be counted and so on. Although we could always go into
negative numbers, let’s avoid that for this exercise. Just imagine a tree that
steals your apples; not cool. But, of course, our apples get smaller as we keep
getting deeper into this infinite valley. So, the idea of picking up a smaller apple
will get to a point where I ask:

What is 2+0.000000000000000001?

Where on earth would you find one-trillionth billionth millionth, technically one
quintillionth, of an apple? That apple would be so insignificantly small that
we might as well ignore the apple we picked and say we have 2 apples instead
of 2.000000000000000001 apples. The effort required to say the number far
outweighs the benefit of consuming the apple. With this abstract idea on hand,
let’s do what mathematicians do when they’re feeling brave - push a concept to
the limit.

Let a number N≈N+dN, where the symbol ≈ means ‘approximately equals’. N
is the original number, and dN is a smaller number compared to N, so dN<N.
Adding dN to N would result in a number similar to N, e.g. N=2 and dN=0.1,
N+dN=2.1, but 2.1 is quite similar to 2, i.e. N. So, as the apple we pick up, dN,
gets smaller and smaller, our final quantity of apples, N, gets closer and closer
to the number of apples we had; also N. This is the concept of limits. Note that
N ̸=N+dN, ̸= means ”does not equal” as dN ̸=0; it only approaches 0 but never
reaches that value, as dN=0, is in a way, the absence of a number. In our case,
it would mean the absence of an apple; picking nothing from a tree would not
concern apples anymore.

Limits allow us to overcome the issue presented before; as a number keeps
getting closer and closer to a particular value, it never reaches the outcome we
are interested in. Still, it gets close enough that we can evaluate what happens.
In this essay, we will explore what happens when values like dN get smaller or
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bigger to understand the applications of this concept and capture the beauty of
limits.

2 Limits

Firstly, let’s answer our initial proposition, what would happen to our apples,
N, as the apple we pick, dN, gets smaller? We can write this question out as
such, where N=2:

lim
dN→0

(2 + dN) = 2

lim dN→0 is the symbol to represent limits, a symbol first introduced by Karl
Weierstrass in the 19th century. In our case, as dN approaches 0, what would
2+dN equal.

As dN approaches 0, dN becomes infinitesimally small, so we get that (2+dN)
equals 2. An infinitesimally small number is a quantity closer to zero than any
standard real number. So, how could we be sure whether a particular input
value approaches another specific output value? We will first need a better
definition of ”approach”. Bernard Bolzano worked on this issue in the early
19th century and set the foundations for the Delta-Epsilon definition of limits.

3 Delta

An excellent way to start is with our number line:

The x-value tells us the number of our apple tree, but we can see that there’s
a hole, a missing apple tree, at x=a. If we can walk along the number line,
and we’re at x=0, how could we know that there is a tree missing at the point
x=a? We can double-check. We do so by walking to x=a from two directions,
choosing a set distance delta, δ, away from a. Where δ > 0 as δ = 0 would leave
us at a, an undefined point.
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By walking towards x=a at the same time, our stickmen will eventually approach
each other, eventually getting infinitesimally close to x=a, and realise that there
is, in fact, a missing apple tree. In general terms, we say that this is an undefined
value, and so, x ̸=a. We can write our range as an inequality:

(a− δ)<x<(a+ δ)

−δ<(x− a)<δ

Simplifying further without forgetting that 0<δ

0<|x− a|<δ

Where || means ”absolute value” as a way to simplify our inequality, e.g. |x −
a|<δ is the same as combining x− a < δ and x− a > −δ together. This means
that for whatever x-value within our range, we are within δ away from a.

4 Epsilon

We will now move into two dimensions. Not only will we know the number of
our apple trees, but also the size of the apple tree. To do this, we use y=f(x)
notation, the function notation where; y is our dependent variable and x is our
independent variable. So, by putting in a value of x, the number of the tree,
you will get one corresponding value of y, the size of the tree at x. We can see
our valley in (x,y) coordinates below:
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Note that for a function to be defined as a function, it must satisfy the condition
that for every x-value, there is only one corresponding y-value. If we keep
our previous condition of having a missing apple tree at x=a, then we also
won’t know the size of the apple tree at x=a, so y=f(a) is also undefined. This
undefined value is generally labelled as L for limit, where L=f(a). Let’s show
this diagrammatically:

We observe that we can apply what we just learnt, but in the y-axis, by choosing
to approach f(a)=L from two directions, distance ϵ away from L. If we do not
have ϵ, then we won’t know how far we are from our limit if we have one.
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We can write out our range of epsilon as such:

(L− ϵ)<f(x)<(L+ ϵ)

−ϵ<(f(x)− L)<ϵ

|f(x)− L|<ϵ

These Greek letters are neat, but what does it have to do with limits?

5 Delta-Epsilon and Limits

In general, a question about limits is set out as such:

lim
x→a

f(x) = L

For a limit to exist, an input, a, plugged into function f(x) must approach a
particular value, L. That’s essentially our question in Section 1. Let´s use our
question as an example:

lim
x→a

x = L

Do we have a limit at L?

6



Our graph shows that we do, at x=a, but how can we show that more rigorously?
For L to be approachable and thus, have a limit, we need to be able to approach
it from all sides to confirm. As L=f(a), its existence depends on the value of x=a
because f(x)=x in our case. Imagine an apple tree floating; that’s essentially
what would happen if we have a y-value from no x-value - it doesn’t make much
sense. Another way of writing this is:

∀ϵ > 0,∃δ > 0

∀ means ”for all” and ∃ means ”there exists”. In our case, for all apple trees
around L, we need a set distance of soil around a for the limit to exist. ϵ allows
us to enclose L in the range:

|f(x)− L|<ϵ (Shaded blue)

Which, in turn, needs to be defined by an x-value within the range:

0<|x− a|<δ (Shaded red)

So, a limit exists if:

0<|x− a|<δ ⇒ |f(x)− L|<ϵ

Where ⇒ means ”implies” e.g. Being thirsty ⇒ Wanting water, but wanting
water does not imply you are thirsty as you could want it to wash your hands.
This confirms that we do have, in fact, a missing apple tree enclosed in our
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range and is defined at x=a. By adding all our ideas together, we get that the
formal definition of a limit is as such:

lim
x→a

f(x) = L ⇐⇒ ∀ϵ > 0,∃δ > 0

such that

0<|x− a|<δ ⇒ |f(x)− L|<ϵ

In our case, it means that our tree at x=a is missing at f(a)=L if and only,
⇐⇒ , if there is a set distance δ away from a, where we can see trees from a
chosen distance ϵ away from L. Our stickmen will be able to approach x=a and
realise that the apple tree is not there.

6 Application of Limits

Many functions exist with undefined values, e.g. 1
x for x=0. This is what limits

are useful for; they allow us to explore undefined values in mathematics. The
example below applies limits to the sinc function, widely used in physics, which
is undefined at x=0.

lim
x→0

sin(x)

x
= 1

Another interesting use of limits is with compound interest. Your granny wants
to ensure you have enough apples in the future, so she tells you to save one
apple in your local bank and earn some interest on it. The bank gives you the
equation below, which models your returns:

(1 +
1

n
)n

This bank is very kind and lets you choose the value of n freely. So, calculator
on hand and saving one apple in the bank, we ask ourselves, how could we
maximise our returns? Jacob Bernoulli worked on this problem in the 17th
century when he tackled compound interest. It turns out that, to maximise our
returns, we will need to make n continuous, as shown below:

lim
n→∞

(1 +
1

n
)n → 2.71828182845...

This value was worked out by a mathematician named Leonhard Euler, who
named it e. The constant, e, just like π, is irrational and cannot be expressed
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as a fraction. In spite of being irrational, its properties in calculus make this
number shine.

lim
n→∞

(1 +
1

n
)n → e

7 Concluding Remarks

Writing this essay was a remarkable experience for me, finding joy in learning
LaTeX and new mathematical concepts as I went along. I hope that you shared
the pleasure with me as you read it, seeing mathematics as a medium of ex-
ploration from which you derive enjoyment. Although we have touched upon
limits, this essay is just the beginning of the valley of mathematics; much more
is hiding beyond. Waiting to be explored.
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