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How to handle this document?
•

Italic words written in this colour are in the glossary.

•

Non-italic words with colour correspond to the pictures they are mentioned in –
some words don’t have an image they belong to, but are still coloured, hence they are
important for the context.

•

If parts of a formula are squared in, it means that they or their places change inside
the formula, while the formula gets refined.
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How mathematics allows us to have something finite in something
infinite
Many do not associate the Bible with mathematics, but one story teaches us otherwise. The
story of the angel Gabriel and his horn, with which he announces the last judgment, as
described in the Christian religion.
To be honest, we won’t find a word of Gabriel’s Horn in terms of maths, however, Evangelista
Torricelli described a body, which is shaped like a horn and has an infinite surface area, hence
the name which later came to be. He himself published this in 1643 under another name in his
paper "De solido hyperbolico acuto", where he called this shape a truncated acute hyperbolic
solid. He was not the first to describe such a body, however. Nicole Oresme had a similar idea
in the 14th century, but we’ll concentrate on the work of Evangelista Torricelli.
If I asked you to tell me the volume of this body, you’ll most likely say that it’s infinite, which is
a reasonable guess, since it has an infinite surface area. However, you are wrong, which is
fine, hence this is the purpose of me writing this, so you get to understand the maths behind
this paradox of a body having a finite volume, even though it has an infinite surface area.
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First, you should know how such a body is created. Basically, it’s just the function of y = 1/x
with the domain x ≥ 1. Around the point 1|1 we now just need to rotate the graph about the xaxis to create such a solid of revolution.

Knowing this, we will begin approaching the maths behind the volume and the surface area,
and you will see how wonderful mathematics can really be when you have a great topic to
work with:
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We’ll start solving this problem by calculating the volume of revolution step by step using an
integral just like using it to calculate the area under a curve, by slicing up the body into thin
slices and adding them together, basically calculus.

If you now look at one slice, you’ll probably see that it looks like a cylinder with the sides
inclining. To calculate its volume, we’ll need the formula to calculate the area of its face and
then just multiply it by its height. This means π * r² (r = radius) for the circle beneath and this
is multiplied with the height dx, and we’ve got the volume of these slices, which are always
getting smaller in terms of the height, which means that we need to build an integral into the
formula.

The face of the
cylinder (2D)

Height
dx

Area of
the face
𝜋 ⋅ 𝑟2
r
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Letting the height dx go to 0 while also adding all the cylinders together will give us our integral.
Since we start at 1|1 and let the curve go down to infinity (∞), the integral looks like this:

∞

∫
1

Adding the height, the formula for the face of the cylinder and the integral will give us our basic
formula to calculate the volume:

∞

∫ 𝜋 ⋅ 𝑟 2 ⋅ ⅆ𝑥
1

Before solving this, however, one step is needed to complete the formula so that we can
properly calculate the volume. Making a definite integral, hence the radius r always changes
depending on the point, where the slice is being taken from, as seen in the picture below.
Coming to this realisation means that we need something else instead of the radius r,
something that changes depending on the position. This something is given by the graph
itself, the value y, which is the radius when we look at it from the x-axis.
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With this knowledge, we can make the formula properly solvable:

𝑟=𝑦|𝑦=

1
𝑥

| 𝑟2 =

1
𝑥2

∞

𝑉𝑜𝑙𝑢𝑚𝑒 = ∫ 𝜋 ⋅ 𝑟 2 ⋅ ⅆ𝑥
1

∞

𝑉𝑜𝑙𝑢𝑚𝑒 = 𝜋 ⋅ ∫
1

1
𝑥2

⋅ ⅆ𝑥

Let us now get to solving this by integrating the formula with the help of the limit notation of
calculus. Putting first things first we need to form the antiderivative by adding 1 to the exponent
and then dividing through it, however here we have x as the denominator in the fraction, which
means that we here have x–¹.

∞

𝑛
𝑛
1
1
∫ 𝜋 ⋅ 2 ⋅ ⅆ𝑥 = 𝜋 ⋅ 𝑙𝑖𝑚 ∫ 2 ⅆ𝑥 = 𝜋 ⋅ 𝑙𝑖𝑚 ∫ 𝑥 −2 ⅆ𝑥
𝑛→∞ 1 𝑥
𝑛→∞ 1
𝑥
1

= 𝜋 ⋅ 𝑙𝑖𝑚 [−𝑥

−1

𝑛→∞

1

+

𝑘]1𝑛 ⅆ𝑥

1

𝑛

𝑥

1

= 𝜋 ⋅ 𝑙𝑖𝑚 [− + 𝑘] ⅆ𝑥
𝑛→∞

1

= 𝜋 ⋅ ( 𝑙𝑖𝑚 (− + 𝑘) − (− + 𝑘)) = 𝜋 ⋅ (0 + 1)
𝑛
1
𝑛→∞

= 𝜋
Having solved this, the maths talks for itself, the volume of Gabriel's Horn is equal to π or
rather the volume will never transcend π, although it gradually draws nearer to π as n
increases. This just means that the volume approaches π as n approaches infinity.
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What is left now is to find out the formula for the surface area, by again looking at one slice.
This time, however, not at what can fit in it, but what we can put around it.
To make it easier to understand, we need to roll out this Conical Frustum and what we see is
an annulus. We need the length of the inner curve a (circumference) and the height (b) to
calculate its surface area.

Having all of this is enough to get the basic formula to calculate the surface area of Gabriel's
Horn. We just need to plug in all the variables into the formula by integrating to ds and having
r as 1/x once again as the radius, which brings us to:

𝐴 = ∫2⋅ 𝜋 ⋅

1
⋅ ⅆ𝑠
𝑥

Now we need to somehow deal with that ds by looking at it as being a right triangle with a little
bend. The bend, which is the hypotenuse is the value ds from before, dx is the value you get
by looking at the x-axis so the lower side, dy is the vertical value which means that it is the
side facing upwards.
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Now, it is possible for us to use the Pythagoras theorem since we know that ds² is equal to dy²
+ dx². We need to factor out the dx out of the typical square root function, which brings us to
the value of ds, while also getting some true values for the variables inside.
Since we factored out the dx, a 1 is being left behind in its place.

ⅆ𝑠 2 = ⅆ𝑥 2 + ⅆ𝑦 2
ⅆ𝑠 2 = √ⅆ𝑥 2 + ⅆ𝑦 2
ⅆ𝑦 2

ⅆ𝑠 2 = √1 + ( ) ⋅ ⅆ𝑥
ⅆ𝑥
The true value we get belongs to (dy/dx)², hence y is equal to 1/x, which means that by
differentiating dy/dx we get the value -1/x².

1 ⅆ𝑥

𝑦= |

𝑥 ⅆ𝑦

=

ⅆ𝑥 2

−1

1

|( ) = 4
𝑥2
ⅆ𝑦
𝑥

This means, that we can get back to solving the integral since we have a value for ds, which
is x. Knowing this means having the limit between 1 and infinity (∞), once again. Taking this
into occasion means having to change the function, so it is solvable, just like we did it with the
function of the volume – taking the 2π outside, adding the limits 1 and infinity (∞) to the
integral and adding the function above in place of the ds, hence we used the Pythagoras
theorem to calculate ds², which makes it obsolete:

𝐴 = ∫2⋅ 𝜋 ⋅

1
⋅ ⅆ𝑠
𝑥

∞

1

𝐴 = 2 ⋅ 𝜋∫

𝑥

1

⋅ ⅆ𝑠

∞

𝐴 = 2 ⋅ 𝜋∫

1
𝑥

√1 +

1
𝑥4

ⅆ𝑥

1
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What’s left for us to do now is to prove that the Surface Area is infinite. For this, we first inspect
the square root inside the function. Looking at it now, you might see that its value is always
bigger than 1, hence you always add a value x, which fits into the limit of 1 to ∞, after that, you
just add one and then take the square root of it, which always leads to a value >1. This means,
that we can replace the square root with 1 since the value exceeds it every time – to write it
we just need to say, that the value of the surface area is always bigger than 2π times the
integral of 1 to infinity, times 1 over x, times 1, times dx:

∞

𝐴 > 2 ⋅ 𝜋∫
1

1
⋅ 1 ⋅ ⅆ𝑥
𝑥
∞

→ 𝐴 > 2 ⋅ 𝜋∫
1

1
⋅ ⅆ𝑥
𝑥

𝑥 = 𝜖 [1, ∞]

What we have just done is create a definite integral, which means, that we can solve it properly.
The 2π just stays where it is. Now however, we need to do the integral of 1 over x, which is just
the natural logarithm of x between ∞ and 1. The natural logarithm of ∞ is ∞, since e∞ = ∞ or
rather log(e) ∞ if the base is >1. Having solved this means that we have come to our
conclusion, the surface area is infinite.

∞

𝐴 = 2𝜋 ∫
1

1
ⅆ𝑥 = 2𝜋[𝑙𝑛 𝑥 ]1∞ → ∞
𝑥
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There is another way to come to this conclusion, using the limit notation once again. We don’t
need to change a lot – just the limit ∞, by replacing it with another variable (n), which brings
us to:

𝑛

𝐴 = 2 ⋅ 𝜋∫

1
1
√1 + 4 ⅆ𝑥
𝑥
𝑥

1
𝑛

→ 𝐴 > 2 ⋅ 𝜋∫
1

1
⋅ ⅆ𝑥
𝑥

Using this function also brings us to the same logarithm, here however we part ways from the
approach above, hence now we use limits to say, that the lower bound of the function is 2π
times the natural logarithm of n, but there doesn’t exist an upper bound for the function as n
approaches infinity.

𝑙𝑖𝑚 𝐴 ≥ 𝑙𝑖𝑚 2𝜋 𝑙𝑛(𝑛) = ∞

𝑛→∞

𝑛→∞

Having explored both ways of approaching the surface area means that we have now truly
been able to solve the problem, which concludes with the mathematical part of this document.
Left now is the paradox behind this, the so-called painter’s paradox.

The painter’s paradox goes as follows:
The outer surface of Gabriel’s Horn is infinite, the volume is finite.
Therefore, you need an infinite amount of paint to paint the outer surface of Gabriel’s Horn.
The volume is finite, which means that you need to pour a finite amount of paint (π amount of
paint) into Gabriel’s Horn and then just empty it, to have painted the inner surface of Gabriel’s
Horn.
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Now you have learned everything important there is to know about the topic of Gabriel’s Horn.
The maths as well as the history and the paradox itself. I tried to do this as well as possible,
even though many don’t like maths. If this is the case, I still hope you have had fun reading
this and I most of all hope, that you have understood this.

- Lorenz Rutkevich
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Glossary:
Antiderivative. In calculus, an antiderivative is a differentiable function F whose derivative is
equal to the original function f.
Calculus. Calculus describes the study of change and is one of the main branches of
mathematics.
Conical Frustum. A part of a solid lying between one or two parallel planes.
Domain. The domain of a function is the set of input you can plug into a function.
Evangelista Torricelli. Evangelista Torricelli was an Italian physicist and mathematician who
was born on the 15th of October 1608 and died on the 25th of October 1647. He was a
student of Galileo Galilei.
Integral. In simple terms, an integral assigns numbers to a function.
Lower Bound. The smallest value that would round up to the estimated value.
Nicole Oresme. Nicole Oresme was a French philosopher who was born in 1325 and died in
1382.
Pythagoras Theorem. Pythagoras was an Ionian Greek philosopher who was born in 570 and
died in 495 BC. His teachings are still known all over the world.
Solid of Revolution. A solid figure is a figure created by rotating a plane curve around a
straight line in the same location.
Upper Bound. The highest value that would round up to the estimated value.
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